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Goal

* Introduction to Parallel lterative Solvers

There are a lot of topics and issues all of which
| cannot cover. | just try to talk about my
experiences in the area of scientific
applications and parallel numerical algorithms,
with some general introductions.



Finite-Element Method (FEM)

e One of the most popular numerical methods for
solving PDE's.

e elements (meshes) & nodes (vertices)
e Consider the following 2D heat transfer problem:
2 2
A g -Iz- + g -IZ- +Q=0
ox° oy
e 16 nodes, 9 bi-linear elements

e uniform thermal conductivity (A=1)
e uniform volume heat flux (Q=1)

e [=0 at node 1
e Insulated boundaries
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Galerkin FEM procedures

e Apply Galerkin procedures to each element:
where T =[N[{¢} in each elem.

2 2
I[N { [a ! a TJ+Q}dV 0 {¢} :Tateach vertex
[N] : Shape function

(Interpolatlon functlon)

0y

e Introduce the following “weak
form” of original PDE using
Green’s theorem:

| A[ﬁ[N_ o[N], o[NT 5[N]j .
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Element Matrix

e Apply the integration to each element and form
“element” matrix.
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Effect of surrounding elem’s/nodes are accumulated.

To each node ...
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Solve the obtained global egn’s

under certain boundary conditions
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Result ...



2D FDM Mesh (5-point stencil)




Coef. Matrix derlved from FDI\/I/FEI\/I

Sparse Matrix Coxwxx
— Many “0™'s RV g
Storing all components (e.g. | x x x  x o x  x x x N
A(i,j)) is not efficient for Uk ok xx
sparse matrices o : XE . o :
— A(1,]) is suitable for dense A, g
matrices ik a e

2

) in

Number of non-zero off-dlagonal components is O(10
FEM

— If number of unknowns is 108 :
o A(i,j): O(10%) words
 Actual Non-zero Components: O(10%°) words
Only (really) non-zero off-diag. components should be

stored on memory

,;'I'I GTI ,;'I'I BTI ,;TI :'I'I 'STI J 0 m.on . m m . m n.m



Mat-Vec. Multiplication for Sparse Matrix
Memory-Bound Process

Compressed Row Storage (CRS)

Diag (1) Diagonal Components (REAL, i=1~N)
Index (1) Number of Non-Zero Off-Diagonals at Each ROW (INT, 1=0~N)
Item(k) Off-Diagonal Components (Corresponding Column ID)

(INT, k=1, index(N))
AMat(k) Off-Diagonal Compo

nents (Value)

( REAL, k=1, index(N) )

{Y}= [A] {X}

doi=1, N
Y(i)= Diag(i)*X(i)
do k= Index(i—1)+1,

Index (i)

Y(i)= Y(i) + Amat (k) *X (Item(k))

enddo
enddo
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CRS or CSR ?
for Compressed Row Storage

* |In Japan and USA, "CRS” is very general for abbreviation
of “Compressed Row Storage”, but they usually use “CSR”
in Europe (especially in France).

 “CRS” in France
— Compagnie Républicaine de Sécurité
* Republic Security Company of France
* French scientists may feel uncomfortable #§
when we use “CRS” in technical papers §
and/or presentations.




Mat-Vec. Multiplication for Dense Matrix

Ay,
a21

Ay 11
| Ay

Very Easy, Straightforward

A, e AN
CPY. Ay N1
Ay 12 Ay _1N-1
dyo o Ay na
{Y}=[A] {X}

do j=1, N
Y(J)= 0.d0
do i=1, N

ay
aZ,N

a'N—l,N
aN,N

( A
Y1

Y2

Yna

Y()=Y(@) + AG, j)*X(i)

enddo
enddo

L YN
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Compressed Row Storage (CRS)

(1.1
4.3
0
0
3.1

2.4
3.6
0
4.1
9.5
0
6.4
9.5

0
5.7
0
10.4
6.5
2.9
1.3

2.9
0
9.8
0
0
0
9.6

0
1.5
2.5

11.5

0

0

0

3.7 0 9.1
0 3.1 0
2.1 0 0
0 4.3 0
12.4 9.5 0
1.4 23.1 13.1
3.1 0

51.3
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Compressed Row Storage (CRS):C
Numbering starts from O in program

00000000
1.1 ] 24 3.2

. . . N= 8
© | @ @
43 | 3.6 2.5 3.7 9.1 Diagonal Components
© | @ ©) ® @ Diag[O]= 1.1
5.7 1.5 3.1 Diag[1]= 3.6
) @ ® Diag[2]= 5.7
4.1 98 | 25 | 2.7 DiagF’}: 9.8
@ @ @ @ D!ag 4 i 11.5
31|95 104 115 43 Diag[5]= 12.4
© @ ® @ ® D!ag[6]— 23.1
65 124] 95 Dragl7]= 51.3
@ ® | ®
6.4 | 2.5 1.4 [23.1]13.1
D | @ ®1® | D
95 | 1.3 | 9.6 3.1 51.3
ORE2RES ® @
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Compressed Row Storage (CRS):C
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Compressed Row Storage (CRS):C

11 | 2.4 | 3.2

© |D,0|®,1

36 | 43| 25| 3.7 | 9.1
@D 0,203,364 D5
57 | 1.5 | 3.1

@ |@6|®,7

98 | 41 | 25 | 2.7

@ D8]|@,9 ®,10

115| 3.1 | 9.5 |10.4| 4.3
@ |©,111,12|2,13|®),14
124 6.5 | 9.5

® |2,15/®),16

231| 64 | 25| 14 [13.1
® |D,17/2,18/®,19|(,20
51.3| 95| 1.3 | 9.6 | 3.1
@D |D,21]2,22|3),23|B),24

Diagonal Components (REAL, i=1~N)
Number of Non-Zero Off-Diagonals at
Each ROW (INT, i=0~N)

Diag (1)
Index(1)

Item(k) Off-Diagonal Components
(Corresponding Column ID)
(INT, k=1, index(N))
AMat(k) Off-Diagonal Components (Value)
( REAL, k=1, index(N) )
{Y}=[A] {X}]

for (i=0; i<N; i++) {
Y[i] = Diag[i] * X[i];
for (k=Index[i];k<Index[i+1];k++) {
Y[i] += AMat[k]*X[Item[k]];
}
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Large-Scale Linear Equations In
Scientific Applications

Solving large-scale linear equations Ax=Db is the most
important and expensive part of various types of
scientific computing.

— for both linear and nonlinear applications

Various types of methods proposed & developed.

— for dense and sparse matrices

— classified into direct and iterative methods

Dense Matrices . Globally Coupled Problems
— BEM, Spectral Methods, MO/MD (gas, liquid)

Sparse Matrices : Locally Defined Problems
— FEM, FDM, DEM, MD (solid), BEM w/FMP

21



Solver-lterative

E 8% (Direct Method)

+ GaussDHEE, STELUD f#fth
— THIDER, HBITHIHLTEEODEHE

.« Flm
- BFE, BEWT T r— 3 I E AR g
 Pivoting
— BRITHI, B1THILT nIZH @A rTEE
+ R

- RIEEFVBAEY, 5TERREZELELET D
« BE1THIDGE, ON3) DETEE

— RKREEETRERITTIEEL
- OIN2)DEEREE ONY)DFHEE
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Solver-lterative

REEEE - - -

(3-11 dj, 0y, \/ X1 Y [ b1 \ ( X1(O)
dyy Ay ot Ay | Xy b, (0)
_ X
. o . o . - : X(O) = 2.
kanl an2 ann )\Xn Yy, \bn) Xn(O)
A X b

i L HIEE xOMSIRO T, BYRLEFARIZE - TEDAHEIC
IR (converge)=t TLYK

X(l),X(Z),---



Solver-lterative

18 3% (Iterative Method)

» E'HE (stationary) i% AXx =b =
- RIEFHED, BRIUMNLUNDOZERIIZELET (k+1) (k)
| A X =Mx"'"’+Nb
— SOR, Gauss-Seidel, Jacobi%i&
— $IL TELY

- JEEE (nonstationary) ;%
— HER, HEIEEELMHS
— KrylovER 453 ZEfE] (subspace) ~NDEREEELL TERT 5160,
KrylovEl 3 ZEREEBEEIN D
— CG(Conjugate Gradient: & Q&%)
— BICGSTAB (Bi-Conjugate Gradient Stabilized)
— GMRES (Generalized Minimal Residual)

24



Solver-lterative

R 18:% (Iterative Method) (#:=)

+ M=
- ERALLERLT, AEVEAZ, ST EENDAL,
— WHFEICITEL TS,

¢« XA
— RSN, TIVr—2ay, BREFEOEZEZZ(THOTLY,
o ERLGW(BZZNFONGLL) AIEEENH S
— HIALIE (preconditioning) MEE,

25



Solver-lterative

EEEREE: £)OTE S A (1/2)
Krylov Subspace Method
AX =b = x:b+(I—A)x
UTDOREXEEALX), X, X, ..., , TKHD:
X, =b+(I—A)Xk_1
= (b_AXk—1)+Xk—1
=r_, +X, where r, =b — Ax, :FZZEAYKJL (residual)

'

k-1
X, =Xo+ D T,
=0

r,=b-Ax, =b-A(r_, +x,,)
=(b-Ax, ,)-Ar, =1, -Ax, 1, = (I-A)r

26



Solver-lterativ

SEEEREE: U OTES /A (2/2)

Krylov Subspace Method

k-1 —2 k-1

X, —x0+Zr—xo+ro+ (I A)r—x0+r0 Z(I A)rO

i1=0 I =1

X

I
o

k-1 K

2 =11 S (1 A)iro{nil (I—A)i}ro

=1

'

z, [$kR DY) OT7ER 522/ (Krylov Subspace) ICET 2 NTRIL,
BREIE2)ATEHARZERBMNE D KDL THEDELURIRLx, 23K
HEMIZH5:

[ro JAr,, A°r,, ..., Ak_lro]

|_\
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Solver-lterative 28

RENGIEER REZXR X RBDECE

» Conjugate Gradient;%, B8LTICG %
- RORATRWGIIEER IREE
« XFRIEEEFTHI (Symmetric Positive Definite: SPD)
— EEOARIRLOHZHLTHITAIXG>0

- EXAMT>0, ZEHFE>0, ERPITHX (E/MTHX - EEIT
HIZ0) >0&EHE o
- PATURLA AP
& 2% T % (Steepest Descent Method) M ZEFE det| 2250 = 1
_ X(.)_ x(-D) + gz R

o X0: RIEME, pO) - FRREAM, o: TE)
— BEFRRAYET BEE XWAIX-NETR/INET BEIEIERD

Zu e)q

éﬁlﬁé%ﬁ(ﬁiﬁ%ﬁﬁ
» BIZIE: FRERTBIERT (20 | (LI HAR)




Solver-lterative

HBZAEE(CGE)DTILIYX L

Compute r®= pb-[A]x©® —

for i= 1, 2, .. ° '?Tﬁl&OI‘)[/$§

. .= r@-1) 3-1) o

piLf_li:E ' « N ‘“AN*E
D= r© o ol ~—p

ee o RNYMILEEE D IR
Bi-1= Pi-1/Pi-2 ] (DAXPY)
p(l): ra-1 + Bi_q p(l-l)

endif

gO= [Ap®

o = pi-/pMg®
x(D= xG-1 4+ g.p®
r= rG-1 - g qd

check convergence |r| w (1) Vector

a; - Scalar

29



Solver-lterative 30

HBZAEE(CGE)DTILIYX L

Compute r@= b-[A]xO

for i= 1, 2, . « ITHINTRILIE
pi_= rG-1 pG-n
if i1=1
p(l): r )
else

Bi-1= Pi-1/Pi-2 ]
p(l): ra-1 + B p(l-l)
endif
gO= [A]p®
a; = pyt/POD
x(D= x(-D + o.p
r= rG-1 - g qd

check convergence |r| x() - Vector
Scalar

5



Solver-lterative

HBZAEE(CGE)DTILIYX L

Compute r@= b-[A]xO®

for 1=1, 2, .
pi = r@G-1 pG-1 o =+
ﬁli:1 ° /\OI‘)LW{E
pM= r©
else

Bi-1= Pi-1/Pi-2 ]
p(l): ra-1 + B p(l-l)

gO= [A]p®

o; = pio/Pg®
x(D= xG-1 4+ g.p®
r= rG-1 - g qd

check convergence |r| x() - Vector
a; - Scalar



Solver-lterative

HBZAEE(CGE)DTILIYX L

Compute r@= b-[A]xO®

for 1= 1, 2, ..
;= rG-D pG-u
1T 1=1
D= @ R sl —
Lk ¢ RN LERIE DR
Bi(—_%: pi(—_l{)pi—Z Gty (DAXPY)
D= G- + - -1
engif Pi-a P — Double
q= [A]p™ —{y}=a{x} +
x(H= xG-D 4+ g .pC)
r= rG-1 - g qd
check convergence |r| x (1) Vector

a; - Scalar

32



Solver-lterative

HBZAEE(CGE)DTILIYX L

Compute r@= b-[A]xO®
for 1=1, 2, .
pi_= rG-1 pG-n

=
“I

pM= r©

Bi-1= Pi-1/Pi-2 ]
p(l): ra-1 + B p(l-l)

qO= [A]p®

o = pyo/pPOg®

XM= x(-D + ¢.p
rd= rG-0 - o qM®
check convergence |r|

% ()
Oj

Vector
Scalar

33



CGETILTYR LDEH(1/5)
Ve B R (Ay=b ) LT 5EE, TRZH/DMNITEHXZEKDS:
(x— v [AJx-y)

(x=y) [Afx—y)=(x, Ax)=(y, Ax)—-(x, Ay )+ (y, Ay)

= (x, Ax)=2(x, Ay )+ (v, Ay) = (x, Ax) - 2(x,b)+(y,b) T
ST, TEEf(X) TR/ FT BxEROHNIELLN:

f(x):%(x, AX)=(x,b)

f(x+h)= f(x)+(h,Ax—b)+%(h,Ah) EROATRL R




f(x)= %(x Ax)—(x,b)
f (x+h)= f(x)+(h,Ax—b)+%(h,Ah) EEDAIRILA
1

f(x+h):§(x+h,A(x+h))—(x+h,b)

=~ (x+h, AX)+2-(x+ h, Ah)- (x,b)- (n,b)

= = (x, AX)+ - (h, AX)+2-(x, A+ 2-(h, Ah)= (x,b)- (h,b)

- %(x, Ax)—(x,b)+ (h, Ax)—(h,b)+%(h, Ah)

. f(x)+(h,Ax—b)+%(h,Ah)



Solver-lterative

CGETILTYR LDEH(2/5)

CGEIFEED xO M T, fN)DR/IMEXZERIERT 5,

S, kBHDELUE xOERBEH RpOANRESF=ETHE:

x K+ — g (k) a, p(k)

f(x&+D)) Zgx/MZF BH1=8I1Z1F:
f(x(k) ra, p(k)) ;ak (p(k), Ap(k))—ak(p(k),b— Ax(k))+ f(x(k))

of (X' +a, p™ 0® bh— Ax® 0
( . 0 (p® Ap®) - (|(o‘k>, Ap(k?

r =b— Ax" (LKA T H5% =

] (1)

36



Solver-lterative 37

CGE7ILIVX LD EH(3/5)

B rOE LT ORICEOTHETED: on_p_ axed 10 - ax®
kD) _ p(k) akAp(k) 2) PD ) 2 A (D A 0D — g Ag(®)

REAEZLUTOEIEIZEOTRDS:
pD — p kD) | g (0 PO _ (O (3

RKEDECAIETTERDESIZ(k+1) BB IZEEZRE y DRENIE
BLNDTHAIN, @i Hh->TLWVEWNME S IXEE- - -

(k+1)

k+1
y:X( +)+ak+1p



CGET7ILTY X LD EH (4/5)

ECAT, TROIOIGHEHEDRWVEREZRLHS:
(Ap(") y—x“‘”))zo
( Ap® 'y X(k+1)) (p(k) Ay — Ax(k“)):(p(k),b—Ax("”))
:( () A[X(k)+ak (k)]) ( (k) b—AX(k)—akAp(k))
( () ) _ Ap(k)) (p(k),r(k))—ak(p(k),Ap(k)):O

(p(k), r("))
(p(k), Ap(k))

o, =
WEODTLUUTMRILT S
(Ap("), y — x("”))z (Ap(k),ak+1p(k+1)): 0— (p("”), Ap(k))z 0



Solver-lterative 39

CGE7 I X LDEH(5/5)

(p("”), Ap(k))z (r(k+1) L B.p®, Ap(k)): (r"‘”), Ap(k))+ ng(p(k)’ Ap"‘)): 0

_(rten, pp®
= ,Bk = ((p(k),Ap(k))) (4)

(p(k”), Ap(k))= 0 p® & pk+d ARITHIAIZRHL TIH 4% (conjugate)

Compute p@=r®= p-[A]x© (-1) . (i-1)
for i= 1, 2, . (Io i )

calc. o;_, @ia = (p(i—l), Ap(i—l))

x(M= xG-1 + .  pl-D
r= rG-O — .  [A]qCG-D _ _

' ) —(r('), Ap("l))
check convergence |r]| lBi—l — ( (i-1) A (i—l))
(1T not converged) P » AP

calc. By |
p(l): ra + B p(l-l)

D
>
o



Solver-lterative

CGE7ZIaYX L

FEED(,))ITHLTUTOHEZEFZRMNGFONS:
(p(‘), Ap(”): 0 (i ] j)

BREAEPY , FENIFLOITDONWTHLUTOBEGRABIIT S:
(r“), r“)): 0(i=j) (p(k), r(k)): (r(k), r(k))

NRIFTZERB TEWNCER T—RMIALEEENINL O [INBELNFEE

L%, > THRDEEIIRMBHANBED ESIINEILIRICIEKT S
= RRIINOHBREDEENH L (FHEHDKSIMES)

40

Top 10 Algorithms in the 20t Century (SIAM)
http://www.siam.org/news/news.php?id=637

EUTHILAE, DUTLYIRiE, 2UDJESZERE, 1755 fEiE,
miuEitFortrana /N1 5, QRE&, 2490 —k, FFT,
BHEZRT7ILO)X L, FMM(B&EZ EfRi%)
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Features of CG Method

(p(k”), Ap(k))z (r<k+1> + B p®, Ap(k)): (r"‘”), Ap(k))+ ﬁk(p(k), Ap("))z 0

_(rtn Ap®
= B = ((p(k), Ap(k)))

(p(k+1), Ap )= 0 p® is “conjugate” for matrix A

Following “conjugate” relationship is obtained for arbitrary (1,j):

(p(i)’ Ap”)): 0(i=j)
Following relationships are also obtained for p® and r®:

(r(i)’ r”)): 0 (i ~ j), (p("), r(k)): (r("), r(k))’ r® —p_ Ax®
In N-dimensional space, only N sets of orthogonal and linearly
independent residual vector rk. This means CG method converges

after N iterations if number of unknowns is N.
Actually, round-off error sometimes affects convergence.



Solver-lterative

Proof (1/3)

Mathematical Induction

B RIE IR

(1)
(2)
(3)
(4)

o, =

(p(k), r("))

(p("), Ap("))

0D — p ) _ g Ap )

(r(') r(”) 0(i=j) m

(p(') Ap“)) O(I;é J)

p(HD = plsD | g () (0 _

Py =

_ (r(k”), Ap(k))

(p(k), Ap("))

42



Proof (2/3) (F, r)=0 (i
Mathematical Induction (pm Apm) 0 (i
B F ) IEIRIE

(*)issatisfiedfor 1<k, j<kwhere 12 ] % 0<i<j<k
ifi <k (r<k+1> r(')) (r(') r(k+1))( )(r(') r() _ akAp(k))
(*)_ k(rm’ Ap(k))(—) ak(p“) — B . piY, Ap("))
— g (pm Ap("))+ alei—l( “‘”,Ap(k))(i)o
ifi=k (r(k+1) r(k))(Z (r(k) r(k)) (r(") o Ap("’)
3) (r(k) r(k)) ( ©_ g p*D g Ap(k))
D (,?<)>r<(>? (*)(r(k) r(k)) ( (k) Ap("))( )(r(k) r(")) (p("),r("))
B~ )(pr()Apakip(k) O(r 0 r0) (g, pkd 1 r® r®)
(3) p&* = r®k 4 g p®) ﬂk_l( (k 1),r(k))() ﬁk_l( (k 1),r(k‘1)—ak_1Ap(k‘1)]

on ) g p ) (o At o

j)

# ]

X
)()




Solver-lterative 44

Proof (3/3) (F, r)=0 (i
Mathematical Induction (b, Ap@)=0

MR IEHRIE
(*)issatisfied for 1<k, J<kwhere I1# ] 13 0<i< j<k

P (p(k+1), Ap(i))(g)(r(kﬂ) ) 0, Ap(i))

j)

i# j) (*)

(*) k+1 ' ) B (p(k)’r(k))
_ (r( + ), Ap (i) (Do, = (p(k),Ap(k))
B (3) p* P =r 4 g p

O‘k
_ (r(k“), Ap("))

ifi =k (p(k+1), Ap(k))@(r(k”), Ap(k))+ ﬂk(p(k), Ap(k)) D50 ap®)
@o




Solver-lterative

(p®, r(k))@(r(k) + B p* 0, r®)

p(k)’ r ()
(1) a, = ([()(k)’ Ap(k)))

_ (ﬁk_l DD 1) )+ (r("), r(k)): (r(k)’ r(k)) 2) 1 _ 9 _ g pp®

(Ap(k), y — X(k+1))= (p(k), Ay — Ax(k”))
_ (p("),b _ Ax(k”)): (p(k), r(k”)): 0

(3) p(k+1) — r(k+l) +ﬁk p(k)

_ r(k+1),Ap(k)
(4) B = ((p(k)’ Ap(k)))

(p® r®n)=0, i=04,...k

k
(k+1) _ (i+1) (0
X =x"" + E a;p
j=i+l

- k -
ré =p— Ax? =p- A{x"”) + > a, p(”}
j=i+l
(. 1 k - - 1 k -
_ [b—Ax +>]_ ZajAp(” _ ) ZajAp(”
j=i+1 j=i+1
(p(‘),r(k”’) L (i) pli+)) _ ZO‘ Ap(”}
j=i+1

:(p(",r(‘”’)—! p®, Zk:ajAp(” |:
j=i+l

=0 =0
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o, P

ER Loy, BIFEOEEOEBERHICERTES:

(p("),b—Ax"‘)) (p("),r(")) (r("),r("))

a, =

(0™, Ap®™) ~ (p®, Ap®)  (p®, Ap®)
(p(k),r(k)):(r("),r("))




Solver-lterative

HBZAEE(CGE)DTILIYX L

Compute r®= p-[A]x©® (i) -
for i= 1, 2, . x( - Vector
Pi-y= P ré® a: - Scalar
it i=l
pD= r©
else _ |
(i-1) (-1 .
7 S S L) B
pt= rt-b+ g; , pt- i- (i—2) ,(i-2) _
endif (I’ 2l ) ( pu—z)
q(i): [A]p(i) ( _ _
— )i (i-1) (I—l))
a; = pia/pMg® g = ! (= 2i1)

x(M= x(-1D 4 ¢ D i (i) (i)
rd= rG-1 _ a:q(i) (p AP )
check convergence |r|
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Solver-lterative

JO35LH (CGiEk) (1/3)

N
( B(i)
do j=1, N
R(i)= R(
endd

enddo

BNRM2= 0. 0DO
do i=1, N

BNRM2= BNRM2 + B(i)
enddo

do i= 1,
|):

0

0

AMAT(i,j): ADa;F 5
B(i): bD&H
X(@i): xDERR

P@i): pD& LS
Q(i): qDB R
R(i): rD&

R(i) — AMAT (i, j)*X(J)

Compute r@= pb-[A]x©®

for

M

=1, 2, .

;= rG-1 rG-n

1t i1=1
p(l): r©
else

Bi-1= Pi-1/Pi_

p(O= rG-D 1+ g pG-D

endif

qV= [A]p®

o = pyo/pOg®

x(M= x(-D + ¢ .p
r= rG-0 - o q®
check convergence |r]|

48



Solver-Iterative 49

JO5LH (CGiEk) (2/3)

do iter= 1, ITERmax

RHO= 0 d0 Compute r®= pb-[A]x©
“ORbio= RHO + R(i) R (i) for 1= 4. G
— + ) kR (1 = @G- G-1)
Pi-1 r r
enddo if i=1
if ( iter.eq.1 ) then pH= r®
dOPi(;)LRI\(I') else
)= | . i _
enddo Bl—il_ pl—il_{pl—z o
else p( = (-1 4+ Bi_1 p( )
BETA= RHO / RHO1 endif _
do i=1, N gM= [A]p
P(i)= R(i) + BETA*P (i) o = pi_ /pHOg®
enddo . P -
9 x(M= xG-1) 4 ¢ p
ehdl r= rG-n - ¢ qd
do i=1, N check convergence |r|
(d)(l): ? d(N) en
o j=1, B
QCi)=QCi) + AMAT (i, j)*P(J)
enddo
enddo

~ enddo



Solver-lterative

70455 LH (CGk)

do iter= 1, ITERmax

Cl= 0.d0
do i=1, N
Cl= C1 + P(i)*Q(i)
enddo
ALPHA= RHO / Ct

DNRM2 = 0.0
do i=1, N

DNRM2= DNRM2 + R (i) *%*2
enddo
RESID= dsqrt (DNRM2/BNRM2)
if ( RESID. le. EPS) exit
RHO1 = RHO p;_,=p;_,

enddo

Jp-ax®],

bl

<¢&

50

(3/3)

Compute r®= p-[A]x©®
for 1=1, 2, .

M

;= rG-1 rG-n

b
“I
=

= r@

= pi-1/Pi_>
= rG-D 4+ g, pG-D

qO= [A]p®

o = pi_/pq®

x(D= x(-D + ¢.p®
r= rG-1 - ¢.q®
check convergence |r|



—RRIEFHFIEL
XEAER: PEEE=1(—H)

d¢+BF 0, ¢o=0@x= Od¢ 0@x=X_,
dx’ dx

¢=—£BFX2+BFXmaXX

2

o *% ﬁi *ﬁ F f,"i-& BF N
- 7 3

UTO&IGHEIE (ERFLTRERERZER)ZLTLS

|
¢=0

51



Solver-lterative

—RTREEFERN

fi% Hr %
BrEMNET5 - T
1 ) WADIEZDm,
¢=——BFXx"+BF X, X LMUBEFEE
2 ENELXEX ),

| e
®
°
°
°
°
°
®
°
°
°
o

¢ =0
X=0

Ax=1.d0, Ay a8=50, &9 5L, X =49.5,
@ O 5 DXEEHE£49.06%:5, BF=1.0d0ET 2@ THRE L

¢ = —% 49" +49.5x49=-12005+98505=1225

52



Solver-lterative

1000
2000
3000
34000
35000
35661

OrhWNEF

T E {5l (N=50) : Jacobij&

iters, RESID=
iters, RESID=
iters, RESID=

iters, RESID=
iters, RESID=
iters, RESID=

RPROMO

RPRRRRPRRPRRPRRRRR

-000000E+00
-899999E+01
-699999E+01
-440000E+02
-900000E+02

-180000E+03
-189000E+03
-197000E+03
-204000E+03
.210000E+03
-215000E+03
-219000E+03
-222000E+03
-224000E+03
.225000E+03

=73

OFLN PFPWOl

-443248E-01
-255667E-01
-947372E-01

-347113E-08
-403923E-08
-999053E-09

PHI(N)=
PHI(N)=
PHI(N)=

PHI(N)=
PHI(\N)=
PHI(N)=

PRLRORMO

RRRPRRPRRPRRPRRRRR

-000000E+00
-900000E+01
. 700000E+01
-440000E+02
-900000E+02

-180000E+03
-189000E+03
-197000E+03
-204000E+03
-210000E+03
-215000E+03
-219000E+03
.222000E+03
.224000E+03
-225000E+03

49° +49.5x 49 =-1200.5+9850.5=1225

1

. 724513E+02
. 746137E+02
-9555996E+02

.225000E+03

.225000E+03
.225000E+03

AfERE, FRATHE

IR 18 [E1 %L
RARE
¢(50)

53



Solver-lterative

5T E {5l (N=50) : Gauss-Seidel %

1000 iters, RESID=  3.303725E-01 PHI(N)= 7.785284E+02 = E %
2000 iters, RESID=  1.182010E-01 PHI(N)= 1.065259E+03 &
3000 iters, RESID=  4.229019E-02 PHI(N)= 1.167848E+03 BAREE
16000 iters, RESID=  6.657001E-08 PHI(N)= 1.225000E+03 ¢(50)
17000 iters, RESID=  2.381754E-08 PHI(N)= 1.225000E+03

17845 iters, RESID=  9.993196E-09 PHI(N)= 1.225000E+03

1 0.000000E+00 0.000000E+00 .

> 4.899999E+01 4.900000E+01 HERE, fEATAR

3 9.699999E+01 9.700000E+01

4 1.440000E+02 1.440000E+02

5 1.900000E+02 1_900000E+02

41 1.180000E+03 1_180000E+03

42 1.189000E+03 1_189000E+03

43 1.197000E+03 1.197000E+03

44 1.204000E+03 1.204000E+03

45 1.210000E+03 1.210000E+03

46 1.215000E+03 1.215000E+03

47 1.219000E+03 1.219000E+03

48 1.222000E+03 1.222000E+03

49 1.224000E+03 1.224000E+03

50 1.225000E+03 1.225000E+03



Solver-lterative

r O WN R

49 i1ters, RESID=

RPROMO

RPRRRPRRPRRPRRRRRR

-O00000E+00
-899999E+01
.699999E+01
-440000E+02
-900000E+02

-180000E+03
-189000E+03
-197000E+03
-204000E+03
-210000E+03
-215000E+03
-219000E+03
-222000E+03
-224000E+03
.225000E+03

49[a

#

& H (N=50) :CG:%

0.000000E-00 PHI(N)=

PR OMNO

RPRRRPRRPRRPRRRRRR

-000000E+00
-900000E+01
. 700000E+01
-440000E+02
-900000E+02

-180000E+03
-189000E+03
-197000E+03
-204000E+03
-210000E+03
-215000E+03
-219000E+03
-222000E+03
-224000E+03
.225000E+03

1

1.225000E+03 REEE
BB, BRHTH e

BIZIREKRLTWAZEIZTEE (RANEIT4918)

> 49° +49.5x 49 =-1200.5+9850.5=1225
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Solver-lterative

SOR3%E (Successive Over-Relaxation)
ZRINZE#EFNE

M=-D*L+U) N=D

< (kD) D—l[b _ (L 4 U)X(k)]

Hryx - M=-(D+L)'U, N=(D+L)"
HA4T)LiE NG [b L kD Ux(k)]

M=(D+0L) {1-0)D-0U} N=oD+oL)
x = x4 a)[?;(k”) — x(k)] 0<w<2)
gD —pilp - Lx ) - Ux® ]| AHR-HFATILEDORE

o=1NHE, IR -HFATILEE—H

56



Solver-lterative

OS5 LHB (BORX - A TILiEK)

doditgr:11,NN*100
o i=1, _ _
RESID= B M=D+L)'U, N=(D+L)"
o J= 1,
¥ (j ne.i) then x kD :D—l[b_Lx<k+1>_UX<k>]
RESID= RESID - A(i, j)*X(J)
endif
enddo
X (i)= RESID/ACi, i)
enddo
enddo

A(i,j): ADa RS
B(i): bD&S
X(@i): xDEH
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Solver-lterative

70455 LH (SORX)

do iter= 1, Nx100

r |
TEERE a0 e
= - *
- R LD () a)[g(kﬂ) _X(k)]

dd
X(1)= ONEGA*RESID/AG, )-X(1)) + X()  E*+) = D'[b-Lx*?—Ux®]
ggddo

enadao

A(i,j): ADa RS
B(i): bD& RS
X(@i): xDBRR
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Solver-lterative

—RTREEFERN

fi% Hr %
BrEMNET5 - T
1 ) WADIEZDm,
¢=——BFXx"+BF X, X LMUBEFEE
2 ENELXEX ),

| e
®
°
°
°
°
°
®
°
°
°
o

¢ =0
X=0

Ax=1.d0, Ay a8=50, &9 5L, X =49.5,
@ O 5 DXEEHE£49.06%:5, BF=1.0d0ET 2@ THRE L

¢ = —% 49" +49.5x49=-12005+98505=1225
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Solver-lterative

| R#EER _

Jacobi 35,561 SOR(®»=1.91)

Gauss-Seidel 17,845 SOR(®»=1.92) 653
CG 49 SOR(®»=1.93) 520
SOR (0=0.70) 33,131 SOR(w=1.94) 342
SOR (»v=0.80) 26,762 SOR (»=1.95) 392
SOR (»v=0.90) 21,808 SOR (»=1.96) 497
SOR(»v=1.00) 17,845 SOR (0=1.97) 682
SOR(®v=1.30) 9,614 SOR (»=1.98) 1,020
SOR(®v=1.50) 9,955 SOR (»=1.99) 2,028
SOR(®»=1.60) 4,469 SOR(®»=2.00) NA
SOR(0=1.70) 3,155

SOR(»=1.80) 1,980

SOR(®»=1.90) 886



Solver-lterative

o) £ FH

M=-(D+oL) {1-0D-oU} N=o(D+oL)’

N
det(M )= Hz, Ai:MD

=]

H1E (i=1~N)

det (M )=d et((D+a)L l-o)D - a)U})

= get\D

:cet(D+a)L 1) det((1- @)D - 0U)
( )det 1-®)D - wU)
= det((1- &) — wD" U) det(1-ow))=(1-0)"

p(M)=max|z[>§[1-0)" =1-0| BURNIILY

11-0|<1E7EHD T, 0<w<2,

HX

B 1<o<?2

61



Solver-lterative

18 3% (Iterative Method)

+ M=
- BERRALLERLT, AEVERE, stEENDEL,
— WHFEICITEL TS,

— UERMEA, 7TV r—2ay, BREBDFZEZFZITHRTLY,
o INERLAGBWN(BEZADNFONGL) A[EEENHD

— HIALIE (preconditioning) MEE,
o &34 (condition number) D KE=L\ERE

62



« Sparse Matrices

o |terative Linear Solvers
— Preconditioning
— Parallel Iterative Linear Solvers
— Multigrid Method
— Recent Technical Issues

« Example of Parallel MGCG

63



OMP-1

64

HGQAEEDTILTV X L

Compute r®= b-[A]x©
for 1=1, 2, .
zG-D= G-
pi_,= ra-0 zG-0
if i=1
pM= zO
else
Bi—_lz Pi-1/Pi_2
pM= zG-1 4+ B. . pG-D
endif
gO= [A]p®
o = py1/PPGD
x(D= x(-1 + o.p
rd= rG-1 _ g.qM
check convergence |r|

D
>

« RNIKMILEZEE DI

X ARJML
(X‘i ija_



OMP-1 65

gL (preconditioning) &[E?

EEDIRISBHTIDBEFHIESMIZIKTF
— EHESTHADLEL, N DISEWNFEIEEARL (BEAI1TH)
— 4% (condition number) (RFRIEE) =& Kx/NEIFHELE
o« EHHAMUTEVNEEIEL ST
« LEDFZREITH[A]IZBLU-RINEBITII[M]ZFERAT H_E

ICK->TRAESTMEHET 5.

— AILEBITHI[M]IZE 2T D AR [A]I{xF={b}*
[A°{x }={b  }~EEHT S, CSTIAT]=[M][A].
{b”}=[M]-{b} THS.

— [A”1=[M] AL DB GLATHISIEITNIE R WLNEWLNS ZEITH S,

— [A]1=[A]IM] D ESIZEINTEHELH D,

o [RIALIE |IXZ1TH, BRITHIEBIZERT SH, FEIFERTTS
RRIZTDHEMNZLY,

) -




OMP-1 66

HITALEE { 1% D) Bk

Preconditioned Conjugate Gradient Method (PCG)

Compate . PIA® EIRICOHREFHHIL:

oo b =M )

1T 1=1

chse R B R DR EALE
6 2 e M =[A]Y M]=[A

endif

S:)Z ‘EiA_]l%i()i)q(i) ZABOFINE: R DFITS

Kos Ky © P MT* =[A]", [M]=[A]

check convergence |r]|

XAART—)7 EE=50)

M[*=[D]", [M]=[D]

D
>



OM

HART—)0T, RYaERTNLE

« RILETTHIELT, LEDITIDX AT DHZEEY
H L1175 ZRILE 175 [M] £T 5,
—- xR —1)%, |3k (point-Jacobi) AiTALEE

D, 0 .. 0 0
0 D, 0 0
M ]=] ...
0 O Dy, O
0 O 0 D,

e solve [M]zG-D= rG-DENSIFEITHEITHZFEFE(IK
HH_EMTES,

- BB TIINET S,




OMP-1

s XOLEFEAINTWSEIAIE (BR1T5 )
— e LUR B

ILU(0), IC(O)

* Incomplete LU Factorization

—AEEalL Xx—

71 HE

» Incomplete Cholesky Factorization (xf #:4751)

s FEETEEL
—HEDITHIMNERETYE, FITHIXERETPR 7L,

— fill-in

- HLEDITHIER

ICIEE

A/\N2—2 (fill-in %

LS D AYILU (0), 1C(0)

EL)Z > T



OMP-1

J714JL%E on PC
FORTRANZZ I+

:to_, 4.Fiﬁ
http://nkl.cc.u-tokyo.ac.jp/files/ilu.tar

>$ cd <$CUR>

>$ tar xvf ilu.tar
>$ cd ilu

>$ Is

lul.f lu2.f

69



L UZD

. TELUDERS

CH

*%/f ), _$E§
- B ITHZEERKROLSFE

- TFETHIICHETRLDZEREFLTHEITADT, Al
MNEDHOIESITFRFFRZEINTES

— W 1TH|Z RO BHERIZFill-in(£EDTHITIZOTH - T-
ECAIZIENAD)IBELS

LU factorization



FZ_J '_HA ﬁfl:/i):.

* ILU factorization
— Incomplete LU factorization

e Fill-inDFEEZHIFEL T, grlliE|
— AEETHETH, PLBEWVERESE
— Fill-inZ e &1LV && - 1ILU(0)

-

——‘

53
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OMP-1

Wi

LUDBEIC K D&
DL

T —R75HE

ADIn X nfTHIDES  AZRADEIITRT %

(BAWNE. ZTDEHLELEUZDEDNZT) ADLURDBEELYD.

ay a, as a, 1 0 0 0
21 ay, A 53 a,, |21 1 0 0
8y 8y 8y Ay | =y Iy 1 -0

an1 anZ an3 Inl

A = LU

L : Lower triangular part of matrix A
U : Upper triangular part of matrix A

u11 u12 ul3
O u 22 u23
0 0 Uy

0 0 0




OMP-1

\—

S

BV — K

HETNDITHIZFRT

nJTODEIL—RFIEXD—AEH

1T5IRIR

A X, +ap X, +--

a X +a,X, +--+a X =Db

all

a21

\anl

a12

a22

an2

a'1n \

a2n

-+ a, X

1n“*n

-+ da, X

2n’'n

/Xl\

X2

Y,

X

&= AX

b

73



OMP-1

LUD#E =

2l Ly =Db

3 Ux =y

-

LY/ Ax=bDfiZE

1 A = LU &453A0LUNHBLEUERDS.

DEEyZERHLH. (BHE!)

DEExZKD L. (

FREE 1)

ot AX = b ofRéns

o Ax = LUx =Ly =b

74



OMP-1

A

,_
k<

n
O
CEER
2
>t
oy
r_l/

4 fv \ [
Ly =b - 1 0 0 v, b, )
|5, 1 - 0y, _ b,
\Inl In2 1)\yn/ \bn)
y, = y, = b,
1 1 y, =b, =1y,
iy, +y, =D, )
: n-1
Inlyl T Inzyz Tt Yy, = bn Yn = bn - In1y1 o Inzyz = bn _Z Iniyi
i=1

FDBIKIZ (one after another) N KES.
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OMP-1

UX — y -—) (ull Up, - uln\fxl\ KY1\
0 Uy, e Uy, X, _ Y,
KO 0 e U A Xy ) \yn)

' X, =Yy, /u._

unan — yn
Xn—l — (yn—l_ n-1,n n)/un 1,n-1

un—l,n—lxn—l + un—1,an — yn—l

<)

) n

Upg Xy F U Xy +F U Xy =Y, Xy = yl_zuljxj [uy,
i—2

FDBIKIZ (one after another) N KES.




OMP-1 77

ay  dp 8 0 Ay ‘ 1 0 0 - O)fuy Up Up - Uy,
dyy ay, A 53 a,, |21 1 0 0 0 Uy, U,s u,,
Ay dg, Agg s, ’: |31 |32 1 0 0 0 Uss Us,
anl an2 an3 a'nn In1 In2 In3 1 O O O unn

@ - Ay =Up,8, =Up 8, =Uy, = Uy, Uy, Uy,
@ ‘ A, = |21u11’a31 — |31u11"” y Ay = Inlull — |21’|31"" ’Inl
m) aJa,,

) ds, = |31u12 + |32u22”" — |32’|42"" ’In2

|21u12 T Uy, ,-ryd,, = |21u1n +U,, = Uy, Uy, -, U,

n

n



OMP-1

FT117T
=15

f"’!‘2/_

5217

25

HERY

(1 2 3 4) (1 0 0
2 6 7 10| |1, 1

2 2 8 o1, 1
0 -4 7 1) |1, 1, I,

m) l=u,,2=uU,3=U,,4=U,
m) ?2-=-|,u,=>1,=2/u,; =2,

O=I1l,u,=>1,=0/u, =0

m) 6=1,U,+U, => U, =2, 7
10 =l,,u, +uU,, > U, =2

mp 2 =l,u, +1,u, =1, =-1

O /ull u12 u13 U14\
O O u22 u23 u24
O O 0 Uy, Uy
1)L 0 0 Uy,

2=l U, = I, =2/u, =2

= Uy + U,y = Uy =1

-4 = |41u12 + |42u22 — |42 —

78
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OMP-1

e EIGTEY,

(1 2 3 4Y (1 0 0 OYuy, U, U,

A 2 6 7 10 _ ,, 1 Ol O U, U,
2 2 8 l, 1, 1 0 0 0 |wu,
0 -4 7 1) Uy I, 1, 10 o

#3317 mp 8=I,u; +l,u,; +U;; = U, =3,
[ = |31u14 + I32“24 + U, = Uy, =1

b
w35 w7 = |41u13 T |42U23 T I43“33 = Uy =3

F417(5%645D) ) 1= I41“14 T |42u24 + |43u34 t Uy = U, =2

147, 151, 297, 231, - - -DIEITKH AR ZELTLK

H
o

w
=

(- - c -
N
~
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OMP-1

e EIGTEY,

\
<+ N A
M A MmO
N N O O
— O O o
N—

)
© o o -
© O d ™

—
o < T
— N N O
__
Il
. ™~
o
<t 9~ -
™M™ N~ o M~

4
N © o
— N N O

_”_.@/( _/

HO I

=

-

-



OMP-1

=4l: 51750

10

11

12

—O—®
O—E—®
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OMP-1

=4l:512F=5n

82



OMP-1

#” 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\.{ 0.00

-1.00
6.00
-1.00
0.00
—-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

=4 B~ ORX

000 -100 000 000 000 000 0.00
-1.00 000 -100 000 000 000 0.00
600 000 000 -100 000 0.00 0.00
000 600 -100 000 -100 000 0.00
000 -100 6.00 -1.00 000 -100 0.00
-1.00 000 -1.00 6.00 000 0.00 -1.00
000 -100 000 000 600 -100 0.00
000 000 -100 000 -100 6.00 -1.00
000 000 000 -100 000 -100 6.00
000 000 000 000 -100 000 000
000 000 000 000 000 -100 0.00
000 000 000 000 000 000 -100
1
3
5
-
9
10
11
12

000 000 000N ¢
000 000 000

000 000 000

000 000 0.00

000 000 0.00

000 000 000

100 000 000 X
000 -100 0.0

000 000 -1.00

600 -1.00 0.00

100 600 -1.00

000 -100 600 / \\
2\ o (¢

O—E——©
A 4= (<

(@) 2/ (6

O—2—®

N

7 000"

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

N\

83



OMP-1

" 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

=451 : A2

000 -100 000 000 000 000 0.00
-1.00 000 -100 000 000 0.00 0.00
600 000 000 -100 000 0.00 0.00
000 600 -100 000 -100 0.00 O0.00
000 -100 600 -100 0.00 -1.00 0.00
-1.00 000 -100 600 000 0.00 -1.00
000 -100 000 000 6.00 -1.00 0.00
000 000 -100 000 -1.00 6.00 -1.00
000 000 000 -100 000 -1.00 6.00
000 000 000 000 -100 000 0.00
000 000 000 000 000 -100 0.00
000 000 000 000 000 0.00 -1.00
1
3
5
7
9
10
11
12

000 000 000 Y (7 1.00
0.00 0.00 0.00 2.00
0.00 0.00 0.00 3.00
0.00 0.00 0.00 4.00
0.00 0.00 0.00 5.00
0.00 0.00 0.00 6.00
-1.00 0.00 0.00 7.00
0.00 -1.00 0.00 8.00
0.00 0.00 -1.00 9.00
6.00 -1.00 0.00 10.00
-1.00 6.00 -1.00 11.00
000 -1.00 6.00 / '\ 12.00/
10—1)—@
5 (&) (<
O—E——©
N (B (¢
O—6——©
D
O—@—6

7 000

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

"N

84



OMP-1

STELUSEELT=<

lu1.f

HEDTRIH A

LUSEELT=< kRO X
[LI[V]E B IR R

L] AR (=1) BB
(fill-inAEL TS, £
L0 =R IEE O
(255> TLVD)

d 6.00

-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\, 0.00

7" 6.00
~0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N, 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
2.83
-0.17
—-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
—-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-1.00
0.00

-1.00
0.00
0.00
0.00
0.00
0.00

—-1.00
-0.17
—-0.03
2.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

0.64
-0.18
—-0.03
-0.18

0.00

0.00

0.00

0.00

<M OA

0.00
0.00
-1.00
0.00
—-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
—0.01
—-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00
—-1.00
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
—0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00

0.00
0.00
0.00
0.00
-1.00
—0.18
-1.03
5.63
-0.18
—-0.03
—0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00

0.00
0.00
0.00
0.00
0.00
—-1.00
—0.01
-1.03
5.63
-0.01
—0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
—-0.18
—-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 ™

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

6.00

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
~1.03

5.63 ./

85



OMP-1

ARELUGEBLI=R X (fill-inFEL)

7 600 -1.00 000 -1.00 000 000 000 000 000 000 000 0.00"\

FEELUSERLT
\x LU 4*L = -017 583 -100 000 -100 000 000 o000 000 000 000 o000

000 -0.17 583 000 000 -100 000 000 000 000 000 0.00

7"'} 7Z (fll 'In,;ﬁl/) -017 000 000 583 -100 000 -100 000 000 000 000 0.0

— - — 000 -0.17 000 -0.17 566 -100 000 -100 000 000 000 0.00
[L] [U] |_'| E# '\ i% 28 000 000 -0.17 000 -0.18 565 000 000 -100 000 000 0.00
[L]J)(q-_l-ﬁ E‘Z ( 1 ) 'é HR 000 000 o000 -0.17 000 000 583 -100 000 -100 000 0.0

000 000 o000 000 -0.18 000 -017 565 -1.00 000 -100 0.00
000 000 o000 000 000 -0.18 000 -0.18 565 000 000 -1.00
000 000 000 000 000 o000 -017 000 000 583 -100 0.00
000 000 o000 000 000 000 000 -0.18 000 -0.17 565 -1.00
\,, 000 0.00 000 000 000 00OOC o000 000 -018 000 -0.18 565 /

-_Hé /\ﬁn 7(.__ 7 600 -100 000 -100 000 000 000 000 000 000 000 000
TELUZ ‘FL - -0.17 583 -100 -0.17 -100 000 000 000 000 000 000 0.00
|~|) 7 & 000 -0.17 583 -003 -0.17 -1.00 000 000 000 000 000 000
_ -0.17 -003 000 583 -103 000 -100 000 000 000 000 0.0
[L][U]ﬁﬁ#(—ﬁ‘ﬁ 000 -0.17 -003 -0.18 564 -103 -0.18 -1.00 000 000 000 0.00
[L]ﬁﬁﬁk o (=1) BB 000 000 -0.17 000 -0.18 564 —003 -0.18 -1.00 000 000 0.00

000 000 000 -0.17 -003 -001 582 -103 -001 -100 0.00 0.00

£LTVD, b ot oox o1 s 1a o1 -
(f|||_|n7'3\ L"CL\ o 000 000 000 000 -0.18 -003 -0.18 563 -103 -0.18 -1.00 0.00

o y, s o 000 000 000 000 000 -0.18 000 -0.18 563 -003 -0.18 -1.00
:E)tOT:’JT:E‘Zﬁ b\alz't’l:l 000 000 000 000 000 000 -017 -003 -001 582 -103 -001
—_ 000 000 000 000 000 000 000 -0.18 -003 -018 563 -1.03
B2 TULB)

N\, 000 000 000 000 000 000 000 000 -0.18 000 -0.18 5.63,”




OMP-1

AEELUSH
lu2.f

sEL L Ui
lul.f

-

FRDOLLER B &HEED

7’ 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\. 0.00

7" 6.00
~0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
5.83
—0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
2.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
—0.17
—-0.03
2.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
0.66
-0.18
0.00
—0.18
0.00
0.00
0.00
0.00

0.00
—-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
—0.01
—-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
—-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
—-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
—-1.00
-0.18
-1.03
2.63
-0.18
—0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
—-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
—0.01
-1.03
5.63
—0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
—-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
—-1.00
0.00
-1.00
2.69
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
—0.18

0.00 "\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

565

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
~1.03

/7 0.92°\
1.75
276
3.79
4.46
557
6.66
7.25
8.46
9.66

10.54

5.63

N 11.83;/

7 1007

2.00
3.00
4.00
5.00
6.00
7.00
8.00
9.00
10.00
11.00

N\, 12.00,7

87



ILU(0), IC(0) BiTALZE

e Fill-inz2<{EELLZW FEEE 170 EE
_RERE, R

o« INZHEKEIREETGIBENTONSD, KEDEE
EENIFET N TULSHITFTIEALY

— ERBIZIRTFT S



« Sparse Matrices

o |terative Linear Solvers
— Preconditioning
— Parallel Iterative Linear Solvers
— Multigrid Method
— Recent Technical Issues

« Example of Parallel MGCG

89



Parallel lterative Solvers

Both of convergence (robustness) and efficiency
(single/parallel) are important

Global communications needed

— Mat-Vec (P2P communications, MPI_Isend/lrecv/Waitall): Local
Data Structure with HALO

» effect of latency

— Dot-Products (MPI_Allreduce)
— Preconditioning (up to algorithm)

Remedy for Robust Parallel ILU Preconditioner
— Additive Schwartz Domain Decomposition

— HID (Hierarchical Interface Decomposition, based on global
nested dissection) [Henon & Saad 2007], ext. HID [KN 2010]

Parallel “Direct” Solvers (e.g. SuperLU, MUMPS etc.)
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Local Data Structures for Parallel
FEM/FDM using Krylov lterative Solvers
Example: 2D FDM Mesh (5-point stencil)




Example: 2D FDM Mesh (5-point stencil)

4-regions/domains




Example: 2D FDM Mesh (5-point stencil)

4-regions/domains




Example: 2D FDM Mesh (5-point stencil)

meshes at domain boundary need info. neighboring domains

-




Example: 2D FDM Mesh (5-point stencil)

meshes at domain boundary need info. neighboring domains

-




Example: 2D FDM Mesh (5-point stencil)

comm. using “HALO (overlapped meshes)”




Red Lacquered Gate in 64 PEs
40,0624 elements, 54,659 nodes

K-METIS P-MEeTIS

Load Balance= 1.03 Load Balance= 1.00
edgecut = 7,563 edgecut = 7,738
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Generalized Comm. Table: Send

Neighbors
— NelbPETot, NeibPE[neib]

Message size for each neighbor

— export_index[neib], neib= 0, NeibPETot-1

ID of boundary points

— export_item[k], k= 0, export_index[NeibPETot]-1
Messages to each neighbor

— SendBuf[k], k= 0, export_index[NeibPETot]-1
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SEND: MPI Isend/Irecv/Waitall

SendBuf
neib#0 neib#1 neib#2 neib#3
® ® @
}4 BUFlength_e ><BUFIength_e>< BUFlength_e i BUFlength_e i
export_index[0] export_index[1] export_index[2] export_index[3] export_index[4]

export_item (export_index[neib].export_index[neib+1]-1) are sent to neib-th neighbor

for (neib=0; neib<NeibPETot;neib++){
for (k=export_index[neib];k<export_index[neib+1];k++){
kk= export_item[k];

SendBuf[k]= VAL[kK]; Copied to sending buffers
+
for (neib=0; neib<NeibPETot; neib++){
tag= O;

1S _e= export_index[neib];
iIE_e= export_ |ndex[ne|b+1]
BUFlength _e= iE e - iS_e

ierr= MPI_Isend
(&SendBuf[iS_e], BUFlength e, MP1_DOUBLE, NeibPE[neib], O,
MP1_COMM_WORLD, &ReqSend[nelb])

+
MPI_Waitall(NeibPETot, ReqgSend, StatSend);



MPI Isend

* Begins a non-blocking send

100

— Send the contents of sending buffer (starting from sendbuf, number of messages: count)
to dest with tag .

— Contents of sending buffer cannot be modified before calling corresponding MP1_Waitall.

« MPI_Isend
(sendbuf,count,datatype,dest,tag,comm, request)

sendbuf
count
datatype

dest
tag

comm
request

choice I
int |
MPI_Datatype |
int |
int |

MPI_Comm |
MPI_Request O

starting address of sending buffer

number of elements in sending buffer

datatype of each sending buffer element

rank of destination

message tag

This integer can be used by the application to distinguish

messages. Communication occurs if tag”s of
MP1_Isend and MP1__lrecv are matched.

Usually tag is set to be “0” (in this class),
communicator
communication request array used in MP1_Waitall
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MPI Waitall

MP1_Wartall blocks until all comm’s, associated with request in the array,
complete. It is used for synchronizing MP1_1send and MP1_Irecyv in this class.

At sending phase, contents of sending buffer cannot be modified before calling
corresponding MP1_Wairtal l. At receiving phase, contents of receiving buffer

cannot be used before calling corresponding MP1_Wairtall.

MP1_ lIsend and MP1__lrecv can be synchronized simultaneously with a single
MP1_ Wartall if it is consitent.
— Same request should be used in MP1__Isend and MP1_lrecv.

lts operation is similar to that of MP1_Barrier but, MP1 _Wairtall can not be

replaced by MP1 _Barrier.

— Possible troubles using MP1_Barrier instead of MP1 _Waital l: Contents of request and
status are not updated properly, very slow operations etc.

MP1 Wartall (count,request,status)

— count int I number of processes to be synchronized
— request wPI_Request 170 comm. request used in MP1_Waitall (array size: count)
— status  wpLstaus O array of status objects

MPI_STATUS SIZE: defined in “mpif.h”, “mpi.h’
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Generalized Comm. Table: Recelve

* Neighbors
— NelbPETot , NeibPE[neib]

» Message size for each neighbor

— Import_index[neib], neib= 0, NeibPETot-1
* |D of external points

— import_item[k], k= 0, import_index[NeibPETot]-1
* Messages from each neighbor

— RecvBufl[k], k= 0, import_index[NeibPETot]-1
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RECV: MPI Isend/Irecv/Waitall

for (nei1b=0; neib<Nei1bPETot; neib++){
tag= O;
1S _1= 1mport_index[neib];
1IE_1= import _index[neib+1];
BUFlength 1= 1E 1 - 1S_1

fierr= MPI_lrecv
(&RecvBuf[1S_ 1], BUFlength 1, MPI_DOUBLE, NeibPE[neib], O,
MPI_COMM_WORLD, &ReqRecv[neib])
+

MP1 Wairtall(NeibPETot, ReqRecv, StatRecv);

for (neib=0; neib<NeibPETot;neib++){
for (k=import_index[neib];k<import_index[neib+1];k++){
kk= 1mport_item[K];
VAL[kk]= RecvBuf[Kk]; : ..
Lk [k Copied from receiving buffer

}

import_item (import_index[neib]:import_index[neib+1]-1) are received from neib-th neighbor

neib#0 neib#1 neib#2 neib#3
}4 + - -

BUFlength_i BUFlength_i BUFlength_i BUFlength_i

import_index[0] import_index[1] import_index[2] import_index[3] import_index[4]
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MPI lrecv

* Begins a non-blocking receive

— Recelving the contents of receiving buffer (starting from recvbuf, number of messages:
count) from source with tag .

— Contents of receiving buffer cannot be used before calling corresponding MP1_Waitall.

 MPI1 _lrecv
(recvbuf,count,datatype,source, tag,comm, reguest)

— recvbuf choice | starting address of receiving buffer

— count int I number of elements in receiving buffer

— datatype wpI_Datatype | datatype of each receiving buffer element
— source int | rank of source

— tag int I message tag

This integer can be used by the application to distinguish
messages. Communication occurs if tag”s of
MP1_Isend and MP1__lrecv are matched.

Usually tag is set to be “0” (in this class),
— comm MPI_Comm | communicator
— request wMPI_Request O communication request array used in MP1_Waitall
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References: Libraries (mainly for
flat MPI)

Talk by the Next Speaker (Tony Drummond)

Trillinos
— http://trilinos.sandia.gov/

PETSc

— http://www.mcs.anl.gov/petsc/

GeoFEM
— http://geofem.tokyo.rist.or.jp/

ppOpen-HPC
— http://ppopenhpc.cc.u-tokyo.ac.jp/




Preconditioning for lterative Solvers

A critical issue for both of robustness and efficiency

Libraries (e.g. PETSc, Trillinos, ppOpen-HPC) cover only
general ones (e.g. ILU(p))

Selection of preconditioner strongly depends on:
— numerical property of matrix

— features of physics, PDE, boundary conditions, mat. property,
size of FEM mesh etc.

« sometimes, problem specific preconditioning needed

“Parallel” preconditioning is really an exciting research
area, important for practical computing.

All of computational scientists, computer scientists, and
mathematicians must work hard for that under intensive
collaboration
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Sparse Matrices

lterative Linear Solvers

— Preconditioning

— Parallel Iterative Linear Solvers
— Multigrid Method

— Recent Technical Issues

Example of Parallel MGCG
ppOpen-HPC
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Around the multigrid in a single slide

« Multigrid is a scalable method for solving linear equations.

» Relaxation methods (smoother/smoothing operator in MG
world) such as Gauss-Seidel efficiently damp high-
frequency error but do not eliminate low-frequency error.
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Convergence of Gauss-Seidel & SOR

Rapid Convergence
(high-frequency error:
short wave length)

RESIDUAL

ITERATION#



Convergence of Gauss-Seidel & SOR

Slow Convergence
(low-frequency error:
long wave length)

RESIDUAL

ITERATION#
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Around the multigrid in a single slide

Multigrid is a scalable method for solving linear equations.

Relaxation methods (smoother/smoothing operator in MG
world) such as Gauss-Seidel efficiently damp high-
frequency error but do not eliminate low-frequency error.

The multigrid approach was developed in recognition that
this low-frequency error can be accurately and efficiently
solved on a coarser grid.

Multigrid method uniformly damps all frequencies of error
components with a computational cost that depends only
linearly on the problem size (=scalable).

— Good for large-scale computations

Multigrid is also a good preconditioning algorithm for Krylov
iterative solvers.
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Multigrid is scalable
Weak Scaling: Problem Size/Core Fixed

for 3D Poisson Egn’s (A¢=q)
MGCG= Conjugate Gradient with Multigrid Preconditioning

3000 400
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; ° 300 Py
2000 ® i
m I ® . i ®
[ o @
[
5 1500 : @ 9 200 | ®
3 °
@ 1000 i
- 100
500
O M m...m.(2$).(2.§). y 3 3 3 3 l:l [ 2 Q---Qloou{juou [ T B B
1.E+06 1.E+07 1.E+08 1.E+06 1.E+07 1.E+08

DOF DOF
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Multigrid is scalable
Weak Scaling: Problem Size/Core Fixed

Comp. time of MGCG for weak scaling is constant:

=> scalable
3000 [ 400
| ®ICCG | ®ICCG
- ® o I
2500 F{ OMGCG [| oMGCG
' ° 300 ®
2000 ® ' o
n ® ] I o
S 1500 o § 200 | ® L *\ \
I ®
& 1000 _ A % 64 128
100 16 ~ 32 ’
| ]
! O O
0 0. 0.00. Q0. 0 5 0,09 9%
1.E+06 1.E+07 1.E+08 1.E+06 1.E+07 1.E+08

DOF DOF
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Procedure of Multigrid (1/3)

Multigrid is a scalable method for solving linear equations. Relaxation methods
such as Gauss-Seidel efficiently damp high-frequency error but do not eliminate
low-frequency error. The multigrid approach was developed in recognition that
this low-frequency error can be accurately and efficiently solved on a coarser
grid. This concept is explained here in the following simple 2-level method. If we
have obtained the following linear system on a fine grid :

A ug =1

and A as the discrete form of the operator on the coarse grid, a simple coarse
grid correction can be given by :

U = u) + RTASTR (- Ar u0))

where RT is the matrix representation of linear interpolation from the coarse grid
to the fine grid (prolongation operator) and R is called the restriction operator.
Thus, it is possible to calculate the residual on the fine grid, solve the coarse
grid problem, and interpolate the coarse grid solution on the fine grid.
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Procedure of Multigrid (2/3)

This process can be described as follows :

1.

N

W

Relax the equations on the fine grid and obtain the result u:0
= Sg ( Ag, ). This operator S¢ (e.g., Gauss-Seidel) is called
the smoothing operator (or ).

. Calculate the residual term on the fine grid by re = f - A- u:0.

Restrict the residual term on to the coarse grid by r- = R 1.

. Solve the equation A- u- = r- on the coarse grid ; the

accuracy of the solution on the coarse grid affects the
convergence of the entire multigrid system.

Interpolate (or prolong) the coarse grid correction on the fine
grid by Du.® = RT uc.

. Update the solution on the fine grid by u "9 = u ) + Du 0



fine

|

coarse

fine

I

coarse

L Wk=Fk (Linear Equation:

Fine Level)
Rk = FK - LK wk
vk = WkK. w,K LK vk =Rk

Rk—l — Ikk-l Rk

Lk1 ykl = Rkl (Linear Equation:

Coarse Level)
Vk — Ik-lk Vk-1
WK = w K + vk
w1X : Approx. Solution

vk 1 Correction
ILX1 : Restriction Operator

L Wk=Fk (Linear Equation:

Fine Level)
RE = Fk - Lk wy,k
vk = Wk w,K Lk yk =Rk

Rk-l —_ Ikk-l Rk

L¥! yk1 =Rk (Linear Equation:

Coarse Level)
vk =,k vkl
WoK = wik + vk

l...¥ : Prolongation Operator
W,k : Approx. Solution by Multigrid
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Procedure of Multigrid (3/3)

* Recursive application of this algorithm for 2-level procedure to
consecutive systems of coarse-grid equations gives a multigrid V-
cycle. If the components of the V-cycle are defined appropriately,
the result is a method that uniformly damps all frequencies of error
with a computational cost that depends only linearly on the

problem size.
— In other words, multigrid algorithms are scalable.
* In the V-cycle, starting with the finest grid, all subsequent coarser
grids are visited only once.
— In the down-cycle, smoothers damp oscillatory error components at different
grid scales.

— In the up-cycle, the smooth error components remaining on each grid level
are corrected using the error approximations on the coarser grids.

+ Alternatively, in a W-cycle, the coarser grids are solved more
rigorously in order to reduce residuals as much as possible before
going back to the more expensive finer grids.



fine

coarse

(a) V-Cycle

fine

coarse

(b) W-Cycle
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Multigrid as a Preconditioner

Multigrid algorithms tend to be problem-specific
solutions and less robust than preconditioned Krylov
iterative methods such as the IC/ILU methods.
Fortunately, it is easy to combine the best features of

multigrid and Krylov iterative methods into one algorithm
— multigrid-preconditioned Krylov iterative methods.

The resulting algorithm is robust, efficient and scalable.

Mutigrid solvers and Krylov iterative solvers
preconditioned by multigrid are intrinsically suitable for
parallel computing.
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Geometric and Algebraic Multigrid

One of the most important issues in multigrid is the
construction of the coarse grids.

There are 2 basic multigrid approaches
— geometric and algebraic

In geometric multigrid, the geometry of the problem is
used to define the various multigrid components.

In contrast, algebraic multigrid methods use only the
information available in the linear system of equations,
such as matrix connectivity.

Algebraic multigrid method (AMG) is suitable for
applications with unstructured grids.

Many tools for both geometric and algebraic methods on
unstructured grids have been developed.
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“Dark Side” of Multigrid Method

Its performance is excellent for well-conditioned simple
problems, such as homogeneous Poisson equations.
But convergence could be worse for ill-conditioned
problems.

Extension of applicability of multigrid method is an active
research area.
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« Sparse Matrices

o |terative Linear Solvers
— Preconditioning
— Parallel Iterative Linear Solvers
— Multigrid Method
— Recent Technical Issues

« Example of Parallel MGCG



Key-Issues for Appl’s/Algorithms

towards Post-Peta & Exa Computing
Jack Dongarra (ORNL/U. Tennessee) at ISC 2013

Hybrid/Heterogeneous Architecture
— Multicore + GPU/Manycores (Intel MIC/Xeon Phi)

« Data Movement, Hierarchy of Memory

Communication/Synchronization Reducing Algorithms
Mixed Precision Computation
Auto-Tuning/Self-Adapting

Fault Resilient Algorithms

Reproducibility of Results
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Recent Technical Issues in Parallel
lterative Solvers

Communication overhead becomes significant

Communication-Computation Overlap
— Not so effective for Mat-Vec operations

Communication Avoiding/Reducing Algorithms

OpenMP/MPI Hybrid Parallel Programming Model
— (Next section)
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Communication overhead becomes
larger as node/core number increases
Weak Scaling: MGCG on T2K Tokyo

100% :
m
| P.

64 128 256 512 1024 2048 4096 6144 8192
core#

90%

80% |
70% |

60%

%

50%

40% |
30% |

20% |

10% |
0% ¢
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Comm.-Comp. Overlapping

. Internal Meshes
External (HALO) Meshes
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Comm.-Comp. Overlapping

Internal Meshes

External (HALO) Meshes
Internal Meshes on

Boundary’s

Mat-Vec operations

« QOverlapping of computations
of internal meshes, and

Importing external meshes.

* Then computation of

International meshes on
boundary’s
« Difficult for IC/ILU on Hybrid
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Communication Avoiding/Reducing
Algorithms for Sparse Linear Solvers

* Krylov lterative Method without Preconditioning
— Demmel, Hoemmen, Mohiyuddin etc. (UC Berkeley)

* s-step method

— Just one P2P communication for each Mat-Vec during s
iterations. Convergence becomes unstable for large s.

— matrix powers kernel: Ax, A2x, A3x ...
 additional computations needed

 Communication Avoiding ILUO (CA-ILUO) [Moufawad &
Grigori, 2013]
— First attempt to CA preconditioning
— Nested dissection reordering for limited geometries (2D FDM)
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Comm. Avoiding Krylov lterative
Methods using “Matrix Powers Kernel”

A AN
4 "p U~
'."\ \""-\ { ..'\7 s
{ O LN ' -
/ \ ‘o ‘4 / N\ / \ A\
‘/—’ \ v / 1’ _’ 7“ e ,
\ /" /) a '
.\: 3 _;"_ N // ; | .‘ |
‘.\ /,--" T " .‘“. .',."
/ @
(a) PA1 example: Red entries of z(”) are the ~ (b) PA2 example (k = 3): Entries of (") (c) PA2 example (k = 3): Entries of (1)
ones needed when k = 1, green are the addi-  which need to be fetched are colored red. which need to be fetched are colored green.

tional ones needed when & = 2 and blue are
the additional ones needed when k = 3.

Figure 2. Example for PA1 and PA2. The dotted lines define the different blocks. Each block resides
on a different processor. The example shows from the perspective of the processor holding the

central block. Avoiding Communication in Sparse Matrix Computations.

James Demmel, Mark Hoemmen, Marghoob Mohiyuddin,
and Katherine Yelick. , 2008 IPDPS



Required Information of Local Meshes
for s-step CA computations (2D 5pt.)

s=1 S=2 s=3
(original)
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« Sparse Matrices

* |terative Linear Solvers
— Preconditioning
— Parallel Iterative Linear Solvers
— Multigrid Method
— Recent Technical Issues

 Example of Parallel MGCG



Key-Issues for Appl’s/Algorithms

towards Post-Peta & Exa Computing
Jack Dongarra (ORNL/U. Tennessee) at ISC 2013

Hybrid/Heterogeneous Architecture
— Multicore + GPU/Manycores (Intel MIC/Xeon Phi)

« Data Movement, Hierarchy of Memory

Communication/Synchronization Reducing Algorithms
Mixed Precision Computation
Auto-Tuning/Self-Adapting

Fault Resilient Algorithms

Reproducibility of Results
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Background

» Large-scale 3D Groundwater Flow
— Poisson equations
— Heterogeneous porous media



Target Application: pGW3D-FVM

3D Groundwater Flow via. Heterogeneous Porous Media
— Poisson’s equation
— Randomly distributed water conductivity
V-(Axy.2Vg)=q,4=0at 2=z,

— Distribution of water conductivity is defined through methods in
geostatistics [Deutsch & Journel, 1998]

Finite-Volume Method on Cubic Voxel Mesh

Distribution of Water Conductivity
— 10°-10*°, Condition Number ~ 10*10
— Average: 1.0

Cyclic Distribution: 1283
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Target Application: pGW3D-FVM

3D Groundwater Flow via. Heterogeneous Porous Media
— Poisson’s equation
— Randomly distributed water conductivity
V-(Axy.2Vg)=q,4=0at 2=z,

— Distribution of water conductivity is defined through methods in
geostatistics [Deutsch & Journel, 1998]

Finite-Volume Method on Cubic Voxel Mesh

Distribution of Water Conductivity
— 10°-10*°, Condition Number ~ 10*10
— Average: 1.0

Cyclic Distribution: 1283

136



137

Background

« Parallel (Geometric) Multigrid Solvers for FVM-type appl.
on Fujitsu PRIMEHPC FX10 at University of Tokyo
(Oakleaf-FX)

* Flat MPI vs. Hybrid (OpenMP+MPI)

» Expectations for Hybrid Parallel Programming Model
— Number of MPI processes (and sub-domains) to be reduced
— 0(108-10%)-way MPI might not scale in Exascale Systems

— Easily extended to Heterogeneous Architectures
 CPU+GPU, CPU+Manycores (e.g. Intel MIC/Xeon Phi)
 MPI+X: OpenMP, OpenACC, CUDA, OpenCL
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Keywords

Parallel Geometric Multigrid
OpenMP/MPI Hybrid Parallel Programming Model

Localized Block Jacobi Preconditioning

— Overlapped Additive Schwartz Domain
Decomposition (ASDD)

OpenMP Parallelization with Coloring

Coarse Grid Aggregation (CGA), Hierarchical
CGA
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Flat MPI vs. Hybrid

Flat-MPI|:Each Core -> Independent

=l Ea

Hybrid : Hierarchal Structure




Fujitsu PRIMEHPC FX10 (Oakleaf-FX)
at the U. Tokyo

SPARCO64 Ixfx (4,800 nodes, 76,800 cores)

Commercial version of K computerx

Peak: 1.13 PFLOPS (1.043 PF, 26", 41" TOP 500 in 2013 June.)
Memory BWTH 398 TB/sec.

Compute nodes, Interactive nodes \Iﬁ Management]
servers

PRIMEHPC FX10x 50 racks :
(4,800 compute nodes) Job management, operation
management, authenticationservers:
Peak Performance: 1.13 petaflops
Memory capacity: 150 TB PRIMERGY RX200S6x 16 -

I Interconnect: 6D mesh/torus -”Tofu”

External connection

< — —J
: mm— -

g

Local file system |

PRIMERGY RX300 S6 x 2 (MDS) InfiniBand
ETERNUS DX80 S2 x 150 (OST)

network

Storage capacity: 1.1PB (RAID-5) /
Shared file system /-
. PRIMERGY RX300 S6 x 8 (MDS) /
===’  PRIMERGY RX300 S6 x40 (OSS) End
m ETERNUS DX80 S2 x 4 (MDT) Log-innodes | nduses
ETERNUS DX410 S2 x80(OST) {— InfiniBand |
Storage capacity: 2.1PB (RAID-6) e  — oot

______________________



Solving Linear Egn’s

— Computation Time ~ O(N) (N: # unknowns)

Multigrid

« Scalable Multi-Level Method using Multilevel Grid for

— Good for large-scale problems

* Preconditioner for Krylov Iterative Linear Solvers

- MGCG

400

[ | eicCG
| | eMGCG

300

1.E+08
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L Inear Solvers

* Preconditioned CG Method
— Multigrid Preconditioning (MGCQG)

— IC(0) for Smoothing Operator (Smoother): good for ill-
conditioned problems

« Parallel Geometric Multigrid Method

— 8 fine meshes (children) form 1 coarse mesh (parent) in
isotropic manner (octree)

— V-cycle
— Domain-Decomposition-based: Localized Block-Jacobi,
Overlapped Additive Schwartz Domain Decomposition (ASDD)

— Operations using a single core at the coarsest level (redundant)




Overlapped Additive Schwartz

Domain Decomposition Method
ASDD: Localized Block-Jacobi Precond. is stabilized

Global Operation o
Mz =r

Local Operation 0. Internal (<N Q .
Lo, = Mg_zi (o Io, = I\/Ig;t o, I, :External (i>N) 1 2

Global Nesting Correction

n n-1 -1 n-1 n-1
Lo, = Lg, +M91(r§zl_Mlegl _Mrlzrl ) €,

n n-1 -1 n-1 n-1
zQ:ZQZ-JrMQZ(r%-—MQZzQZ-—I\/Irzzr2

2
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Computations on Fujitsu FX10
Fujitsu PRIMEHPC FX10 at U.Tokyo (Oakleaf-FX)

— 16 cores/node, flat/uniform access to memory
Up to 4,096 nodes (65,536 cores) (Large-Scale HPC
Challenge) |
— Max 17,179,869,184 unknowns
— Flat MPI, HB 4x4, HB 8x2, HB 16x1

 HB MxN: M-threads x N-MPI-processes on each node
Memory

Weak Scaling
B B D D D D e
— 643 cells/core L2

Strong Scaling
— 1283%x 8= 16,777,216 unknowns, from 8 to 4,096 nodes

Network Topology is not specified
— 1D
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HB M X N

]

Number of OpenMP threads Number of MPI process
per a single MPI process per a single node
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Reordering for extracting parallelism
In each domain (= MPI Process)

* Krylov Iterative Solvers
— Dot Products
— SMVP
— DAXPY
— Preconditioning

 |C/ILU Factorization, Forward/Backward Substitution

— Global Data Dependency

— Reordering needed for parallelism ([KN 2003] on the Earth
Simulator, KN@CMCIM-2002)

— Multicoloring, RCM, CM-RCM
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Parallerization of ICCG

IC do i=1, N
Factorization VAL= D (i)

do k= indexL (i-1)+1, indexL (i)
VAL= VAL - (AL (K)%x2) * W(itemL (k) DD)
enddo
W(i,DD)= 1.d0/VAL
enddo

Forward do i=1, N
Substitution WVAL= W(i, 2)
do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL(k), Z)
enddo
W(i,Z)= WWAL x W(i, DD)
enddo
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(Global) Data Dependency:

Writing/reading may occur simultaneously, hard to parallelize

IC do i=1, N
Factorization VAL= D (i)

do k= indexL (i-1)+1, indexL (i)
VAL= VAL - (AL (k) **2) * W(itemL (k), DD)
enddo
W(i,DD)= 1.d0/VAL
enddo

Forward do i=1, N
Substitution WVAL= W(i, 2)
do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - AL(k) * W(itemL (k), Z)
enddo
W(i,Z)= WVAL * W(i, DD)
enddo
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OpenMP for SpMV: Straightforward
NO data dependency

I$omp parallel do private(ip, i, VAL, k)
do ip= 1, PEsmpTOT
do i = INDEX(ip—1)+1, INDEX(ip)
VAL= D(i)*W (i, P)
do k= indexL (i—-1)+1, indexL (i)
VAL= VAL + AL (k) *W(itemL (k), P)
enddo
do k= indexU(i-1)+1, indexU(i)
VAL= VAL + AU (k) *W(itemU(k), P)
enddo
W(i, Q)= VAL
enddo
enddo



Ordering Methods

Elements in “same color” are independent: to be parallelized

SEEES4

S 44444
?ffffﬁx?;f
G OEd

MC (Color#=4)
Multicoloring

N CM-RCM (Color#=4)
Reverse Cuthill-Mckee Cyclic MC + RCM




Ordering Methods

Elements in “same color” are independent: to be parallelized

(53-36-€0)- €193
B DO
000 fxg

%
%

oa 8

SEEES4
++++++@+

> €
%

VG
Ve

?ffffﬁﬁf
G OEd

29
DO

w
N

MC (Color#=4) RCM CM-RCM (Color#=4)
Multicoloring Reverse Cuthill-Mckee Cyclic MC + RCM
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Motivation

e Optimization of Parallel MGCG
— Conjugate Gradient Solver with Multigrid Preconditioning
— OpenMP/MPI Hybrid Parallel Programming Model
— Efficiency & Convergence

e Communications are expensive
— Serial Communications
» Data Transfer through Hierarchical Memory

— Parallel Communications
» Message Passing through Network

e There are a lot of talks related to Multigrid and CA in SIAM
PP14.

— “Coarse Grid Solver” Is important
» Efficiency & Convergence
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Parallel MG Solvers: pGW3D-FVM

e Storage format of coefficient matrices
(Serial Comm.)

— CRS (Compressed Row Storage)
— ELL (Ellpack-Itpack)
e Comm. /Sych. Reducing MG (Parallel
Comm.)
— Coarse Grid Aggregation (CGA)

— Hierarchical CGA: Communication Reducing
CGA
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ELL: Fixed Loop-length, Nice for
Pre-fetching

1 3000 3
1 2500 2
41300 1
0 37 40 7

10005 5

(a) CRS (b) ELL



155

Special Treatment for “Boundary” Cells
connected to “Halo”

* Distribution of External Cells
Lower/Upper Non-Zero Internal Cells
on Boundary

Off-Diagonal Components

Pure Internal
Cells

 Pure Internal Cells

— L:~3, U: ~3
O O ® Internal

* Boundary Cells (lower)
— L: ""3, U: ~6 Internal
(upper)
Z
y External
e ° "cum
Pure Internal Cells Internal Cells

X on Boundary
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Original ELL: Backward Subst.

Cache is not well-utilized: IAUnew(6,N), Aunew(6,N)
do icol= NHYP(lev), 1, -1

if (mod(icol, 2).eq.0) then
I$omp parallel do orivate (ip, icel, j, SW) for Pure Internal Cells

do ip= 1, PEsmpTOT
do icel= SMP|ndex(|coI 1,ip, lev)+1, SMPindex (icol, ip, lev)
SW= 0. 0d0
do j=1, 3
SW= SW + AUnew (j, icel)*Rmg (IAUnew (j, icel))
enddo
Rmg (icel)= Rmg(icel) — SW«DDmg (icel)
enddo
enddo

else
I$omp parallel do private (ip, icel, j, SW) for Boundaryv Cells
do ip= 1, PEsmpTOT y

do icel= SMP|ndex(|coI -1, ip, lev)+1, SMPindex (icol, ip, lev)

SW= 0. 0d0
do j=1, 6
SW= SW + AUnew (j, icel)*Rmg (IAUnew (], icel))
enddo
Rmg (icel)= Rmg(icel) — SW«DDmg (icel)
enddo

enddo

Jondit [AUnew (6. N). AUnew (6. N)
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Improved ELL: Backward Subst.

Cache is well-utilized, separated: AUnew3/AUnew6

do %czlzdeYPflgy) 1b)—1h
| mod (1¢co eq then
I$omp parallel do private (ip, icel, j, SW) for Pure Internal Cells
do ip= 1, PEsmpTOT
do icel= SMP|ndex(|coI 1,ip, lev)+1, SMPindex (icol, ip, lev)
SW= 0. 0d0
do j=1, 3
SW= SW + AUnew3 (j, icel)*Rmg (IAUnew3 (|, icel))
enddo
Rmg (icel)= Rmg(icel) — SW«DDmg (icel)
enddo
enddo

else
I$omp parallel do private (ip, icel, j, SW) for Boundaryv Cells
do ip= 1, PEsmpTOT y

do icel= SMP|ndex(|coI -1, ip, lev)+1, SMPindex (icol, ip, lev)

SW= 0. 0d0
do j=1, 6
SW= SW + AUnewb6 (j, icel)*Rmg (IAUnewb6 (|, icel))
enddo
Rmg (icel)= Rmg(icel) — SW«DDmg (icel)
enddo
enddo [AUnew3 (3, N), AUnew3 (3, N)

e ! [AUnew6 (6. ). AUnews (6. N)
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Analyses by Detailed Profiler of
Fujitsu FX10, single node, Flat MPI,

RCM (Multigrid Part), 643cells/core,
1-node

Instruction =10 L2 miss =D GFLOPS
miss Op. Ratio

1.53x109 2.32x107  1.67x107 30.14%

OE?_'Ea' 4.91x108  1.67x107 1.27x107  93.88% 6.99
mproved 4 91,108 1.67x107  9.14x10°  93.88% 8.56

ELL



Original Approach (restriction)
Coarse grid solver at a single core [KN 2010]

A
Level=1

e 1111111111
o o o o o o [ J o o [ } o o
o o o [ } o o [ } o o [ } o o
o o o o o ® o o @ o o o

evems (S [ (O O O (O R O [ O (A

eve=m2 (O [ [ () I 1O ) I [ ) I [

Level=m-1

Level=m
Mesh # for

eachmPi=1 |\ | | L P by

\ }

Coarse . Coarse grid solver on a
[
[
[

single core (further multigrid)
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Coarse Grid Solver on a Single Core
Original
Approach

PE#3 Size of the Coarsest Grid=
Number of MPI Processes

Redundant Process

In Flat-MPI,
this size is larger

lev=1 lev=2 lev=3 lev=4




Original Approach (restriction)
Coarse grid solver at a single core [KN 2010]

A
Level=1

e 1111111111
o o o o o o [ J o o [ } o o
o o o [ } o o [ } o o [ } o o
o o o o o ® o o @ o o o

evems (S [ (O O O (O R O [ O (A

eve=m2 (O [ [ () I 1O ) I [ ) I [

Level=m-1

Level=m
Mesh # for

eachmpi=1 L} ) ) : A I B I

v n »
Communication Overhead
at Coarser Levels

Coarse grid solver on a
single core (further multigrid)
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Coarse Grid Aggregation (CGA)
Coarse Grid Solver is multithreaded [KN 2012]
A

Level=1 ............
Level=2 ------------
Level=m-3 ............
Level=m-2 !!!!!FF!!!!!

« Communication overhead could Coarse grid solver on a
be reduced single MPI process (multi-

. threaded, further multigrid)

« Coarse grid solver is more
\ expensive than original approach. .

Coarse  If process number is larger, this

effect might be significant




Results

Single Core CM-RCM

CX ELL Single Core RCM

C1 CRS CGA CM-RCM

C2 ELL (original) CGA RCM

C3 ELL (new) CGA RCM
| Class | Size |

Weak Scaling 643 cells/core 262,144

Strong Scaling 2563 cells 16,777,216
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Results at 4,096 nodes (1.72x10° DOF)
(Fujitsu FX10: Oakleaf-FX): HB 8x2

lev: switching level to “coarse grid solver”, Opt. Level=7

i Rest
m Coarse Grid Solver
15.0 i MP1_Allgather
' = MPI_Isend/Irecv/Allreduce
) 10.0 —
M Parallel \ a :
Serial/Redundant [
5.0
I L
0.0 —-—‘J .
ELL-CGA, ELL-CGA, ELL- CGA ELL: 6 CRS: 66

lev=6: 51 lev=7:55 Ilev=8: 60

) Switching Level for Coarse Grid Solver
Down is good
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Results at 4,096 nodes (1.72x10'° DOF)
(Fujitsu FX10: Oakleaf-FX): HB 8x2

lev: switching level to “coarse grid solver”, Opt. Level=7

=
i Rest
m Coarse Grid Solver
15.0 i MP1_Allgather
' = MPI_Isend/Irecv/Allreduce
8 10.0 —
D I

M Parallel Y
Serial/Redundant

3 B :

i'm H H N

ELL-CGA, ELL-CGA, ELL-CGA, ELL:65 CRS:66

lev=6: 51 lev=7:55 Ilev=8: 60
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Weak Scaling at 4,096 nodes

Cl (CGA+CRS) -> C3 (CGA+ELL-new)
17,179,869,184 meshes (6432 meshes/core)
best switching level (=7)

20.0
: Rest
I \ m Coarse Grid Solver
15.0 | MPI1 Allgather
_ \ = MPI_Isend/Irecv/Allreduce
S 100 N \ \\
n \

i
1 _

[ ] —
H B B B & 0 &=
OO 1 1 . 1 1 - 1 1 -
Flat MPI: Flat MPI: HB 4x4: HB 4x4: HB 8x2: HB 8x2: HB 16x1: HB 16x1:
C1:64 C3:64 C1:55 C3:59 C1:54 C3:55 C1:55 C3:55




Summary so far ...

» “Coarse Grid Aggregation (CGA)” is effective for
stabilization of convergence at O(104) cores for MGCG
— Smaller number of parallel domains
— HB 8x2 is the best at 4,096 nodes
— Flat MPI, HB 4x4

« Coarse grid solvers are more expensive, because their number of MPI
processes are more than those of HB 8x2 and HB 16x1.

 ELL format is effective !
— C1 (CRS) -> C2 (ELL-org.): +20-30%
— C2 -> C3(ELL-new) : +20-30%
* Coarse Grid Solver
— Very expensive for cases with more than O(10°) cores
— Memory of a single node is not enough
— Multiple nodes should be utilized for coarse grid solver
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Hierarchical CGA: Comm. Reducing MG
Reduced number of MPI processes[KN 2013]
A
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Results: hCGA

ELL (new)
C4 ELL (new) hCGA RCM
| Class | Sze |
Small 163 cells/core 4,096
Medium 323 cells/core 32,768
Large 643 cells/core 262,144

X-Large 1283 cells/core 2,097,152
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SIAM PP14 177

Results at 4,096 nodes (1.72x10'° DOF)

lev: switching level to “coarse grid solver”
Opt. Level=7, HB 8x8 is the best
”C2 (ELL org.)” is used, DOWN is GOOD

B Parallel Y
HB 8x2 HB 16x1 Serial/Redundant

20.0 20.0

Rest | " Rest
m Coarse Grid Solver

m Coarse Grid Solver

15.0 MPI-Allgather 15.0 —I hCGA o |
- " hCGA //AlIreduce ! 1 512 nodes
i 128 nodes -

10.0 — o 10.0 — |

(D]

. Q i

50 50 — |
r - ]
- [ ] [ .
B E B B . J E B B B l

0 I L - L - 1 . 1 00 I L . L . L . I . 1

ELL-hCGA, ELL-CGA, ELL-CGA, ELL: 65 CRS: 66 ELL-hCGA, ELL-CGA, ELL-CGA, ELL-CGA, ELL:65 CRS:66
lev=6: 51 lev=7: 55 lev=8: 60 lev=6:56 lev=7:55 lev=8:60 Ilev=9:63

Switching Level for Coarse Grid Solver Switching Level for Coarse Grid Solver




Summary

 hCGA is also effective, but not so significant.
— Generally speaking, convergence becomes worse than CGA.

— Effective for cases with
« smaller problem size per core (Small or Large)
 larger number of nodes (MPI processes) (64 nodes or 512 nodes)
« larger number of MPI process per node (Flat MPI or HB 16x1)

* Future/On-Going Works and Open Problems
— Algorithms
« CA-Multigrid (for coarser levels), CA-SPAI
— Strategy for Automatic Selection
» switching level, number of processes for hCGA, optimum color #
— More Flexible ELL for Unstructured Grids
— Optimized MPI (co-design)
* e.g. MPI on Fujitsu FX10 utilizing RDMA with persistent communications

 MPI_Allreduce: 0.80 sec. of 2.50 sec (comm.) is spent for dot products @
4.096 nodes

— Xeon Phi Clusters
* Hybrid 240(T)x1(P) is not the only choice 178
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