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AmMDER

« IA/HOT7ALyHDOTIILFOaTIE, A=—a71t

—KEHEEN RALGTOTIZITETIL

e OpenMP

— BRIT(TALITA D)) @/ AT ST TFE(CN A 51

MTES=O, [GFEARASINTULDS
— FRRIGARERE
o T—AR{KTFH (data dependency)
— AERYADEZTAAESENERIZHEE

— WA ZEERT A2, BUET—2D:

I RBREHET 2

ZhHB

— ZDO&5EXEIZOpenMPRITDEERETHEELEW L

[FonadILlFRYEN: ETHEEAKSL
* Hybrid #5705 3537 ETIL
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Flat MPI vs. Hybrid
Flat-MPI:Each PE -> Independent




We are now In Post-Peta-Scale Era

GFLOPS

1000000000

100000000

10 PF 10000000

1PF 1000000
100 TF 100000

il 51T
10000
1000

#6500
100 +
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« PFLOPS: Peta (=10%°) Floating OPerations per Sec.
 Exa-FLOPS (=10%8) will be attained in 2020-




Key-lssues towards Appl./Algorithms

on Exa-Scale Systems
Jack Dongarra (ORNL/U. Tennessee) at SIAM/PP10

 Hybrid/Heterogeneous Architecture
— Multicore + GPU
— Multicore + Manycore (more intelligent)

Mixed Precision Computation
Auto-Tuning/Self-Adapting

Fault Tolerant

Communication Reducing Algorithms



Heterogeneous Architecture by
(CPU+GPU) or (CPU+Manycore)

will be general In less than 5 years




CPU+Accelerator/Co-Processor
(GPU, Manycore)

S LAE)—/\URIE

GPU

— 704533227 1R1% : CUDA, OpenCL

- —&RDTF7 T r—ar TIEERE [5HFDM, BEM
AZ——37 (Manycores)

— Intel Many Integrated Core Architecture (MIC)
e GPUKYELV:ERNOS, aV/(SHMEZR Z
— Intel Xeon Phi

Xeon Phi )




Hybriddt 5| 7 B9 S22 €T ILIZW A

 Message Passing
— MPI

e Multi Threading
— OpenMP, CUDA, OpenCL, OpenACC

» I THHybrid i1 JOY9 S35 FETIL
MNHEREINTLNVS
—{BL MPI+B&iEF]E (/—FRA)
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E1ZE@EMELTz, T—AELE, reorderingZi L, FlE
.§i1TIn'|'$:0)T_&')O)'\7)l/?:I77EI7 T2\ T
S EBLETILOYXLIZDOWNTHDFES

o HIZHEBZFEDHD=6HD, FXI0FFIALEEE

B—77)/r—avic fF#ﬂ:LT_W@’C%%?ﬁ\ 2

RHEEZ A IR RGE D EIERAFRETH D

- RIFCOFERFENDIRATHS

I IImII




OMP-1 10

A#mD BB (=)
« B—T7I)r—3> J%ﬂ:uf*lﬂ’éf%éb‘“, K
B EZ IR AESTFIEATEETHS
— EIXZDAEITE ’5’1~Lx)J%E’J’CZf>%>
e LWHWATIFMEEE S IEITEWLVASEBNELS

« SMASH:[Science | EZRFHEMETEIIHYFMELN !

Algorithm

ooltware

Haraware
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274 ILDOAE on your PC

JE—, R
http://nkl.cc.u-tokyo.ac.jp/files/multicore-c.tar

http://nkl.cc.u-tokyo.ac.jp/files/multicore-f.tar

>$ cd <$CUR>

>$ tar xvf multicore-c.tar
>$ tar xvf multicore-f.tar

>$ cd multicore

UTFDT 4 LY F)HHETINS C & Z/EER
L1 L2

hoZLE <$P-L1>, <$P-L2>

Your PC FX10

11
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A fR4t(Z (X ParaViewZ{E H

http://www.paraview.orqg/

2)—Y2 k)7
WindowshR, Machih'& 5
UNIXiR® & Y

http://nkl.cc.u-tokyo.ac. jp/class/HowtouseParaView.pdf

12



B (IWebLIZHHYET

http://nkl.cc.u-tokyo.ac. jp/seminars/2015-Spring/




e =3
* BER

— ARATEE
— BILIB{T R IEE
o ICCGEIZKARTYUAREREVILN—IZDLVT

- BT

o« T—ARIEE

— 7055 LMDERBA
o FEAML
o BRETN)ORER
e |ICCGi%

e OpenMP




AimDEHEKY

[BERAFTENCEMAOEITIZXRELZICCG
E 1AM ELTz, T—A2EE, reordering’i &, BlE
BMETED=OHDTILFaAF7IATIZITIZHENT
FELTILT)XLIZDVNTHDESE

EIRIAEE
ER1T 5]
ICCG3%




OMP-1

XWRETBRBTI)r—a DIPE

XEARNX : ZRTRTVARER

2 2 2
8?+8f+§g+f=0
ox- oy® oz

A

B ERE
- EFERIROER, EFRFILTEHTER.
— BEEZE 9% (Direct Finite Difference Method) &4

5 PR {A%E % (Finite Volume Method, FVM) [Z &k A ZE[H]

LHEN D,

BREH

- T4)OL, KIRISVIR
RIEERIZLDEIL —RAEXEE
— HRBEE (CG) +HILE




OMP-1

ﬁ’ib\’CL\éFn'ﬂi‘r'_ «km:?l‘ﬁ’/z?’ﬂz‘t
T EXxHIDTER

R7VFRER

0’ 09 O°

axZj ayZj az¢+f20
EREH —

-%E% —C“ﬁﬁﬁjﬁ‘y 7 A REZOKREITVIR

= dfloat(i+j+k) X EHE&KE

oZ:ZmaXﬁ’G(I):O (i.j.Kk)=XYz(icel,(1,2,3))

2

X




X FRBIELWN=RITTEDIEF
FIEFEERIZIRD

[l L L L
[l L L

Z
N
AN

) A N NI AN
>
N

NX
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KEITSVIRIDRE 22,990,990 ¢
ox: oy° oz

f = dfloat(i, + j, +K,)

i, = XYZ(icel,1), XYZ(icel, k) (k=1,2,3) &

. - X, Y, ZARDEREFDAVTIIAR
Jo=XYZ(Icel.2), g yos 2hiX, vV, ZEBOABEIS
Ko = XYZ(icel ,3) &HBH5MERLTLS,

/[l S /L

A /

) —
A
NZ b AZ
%
);« <_./ZY
NY AX
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ARAFRE

Finite Volume Method (FVM)
HzEBT 57790 ADFREFIZEE

P E R EDILEL
S. :
Z d Ikd | (¢k _¢i)+ViQi =0

.+
k k k -
| | KEETSvH R

i ERIFR

 REEIR

i ERPIDAOREETOIER
KBTSV IA




—RRTI AN PRES

(I)i—l (I)i (I)i+1

(dcﬁj _(dﬂ b= _ b
i(%} _ X )i \OX )iy AX  AX

dx \ dx AX - AX

_ G~ 20 +4,
AX?
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ARAFRE

Finite Volume Method (FVM)
HzEBT 57790 ADFREFIZEE

P E R EDILEL
S. :
Z d Ikd | (¢k _¢i)+ViQi =0

.+
k k k -
| | KEETSvH R

i ERIFR

 REEIR

i ERPIDAOREETOIER
KBTSV IA
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—RICEDEZEDLEE (1/3)

r IO ESAMDESHAY A

A FE TS S.= Ah
Q- @'_________'@__‘_____Ib _______ bl__‘ g%ﬁ:*ﬁ Vi:Ahz
S s " EMMEETOER: d=4h/2

Ex:1
COEZEIRAT HTTVIR:Qs,,
b — ¢ 7— T OEA

_d- T ~ " Vib ﬁ%ﬁi@_@’é?%“JOX
ib bi =—(hToIvI)LEED)

Qs;, =
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—RITEDIHZEDLLE (2/3)

r —DOEEAMDES AV
N SRR S,.= h
Q- é“_________'@__’_____ib ________ bi__‘ giﬁgiﬁ Vi:AhZ
T s, HEREE COBEM: d=2n2
Ex:1

Sik _ N
Y (A ~4,)+ViQ =0

k ik+ ki

(¢k _¢i)+Qi =0

vV, <'d, +d,

CDHERITEBTHE
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«kx% FiE&ED LB (3/3)

il DOESMDEST A
N R IR S,.= 4h
Q- é“_________'@__’_____ib ________ bi__‘ giﬁgiﬁ Vi:Ahz
T s, HEREE COBEM: d=2n2
Fx:1
1 S, o1 Ah
V_Izk: dik +dki (¢k ¢i)_ (Ah) kZab Ah Ah (¢k ¢I)
2 "o
1 Ah 1 1
~ (AhY kzab Ah _ Ah (4. - ¢i)_(Ah) kza:b Ah (¢k ¢i)_(Ah)z k_za;b((ék_(é‘)
2 "2
_ 4 — 1 —é |2 =26 + 9, ERiIT DUV TR
(anT (4, —¢)+ o (4 -¢) (ah] R
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=RFTTIL---

NEIBcell(icel,6)

NEIBcell(icel,4)

NEIBcell(icel,1) NEIBcell(icel,2)

NEIBcell(icel,3)

z Yy
Z NEIBcell(icel,5)

X

¢neib(ice|,1) ¢ice| AyAZ-l— ¢neib(ice|,2) ¢icel

AYAZ +
AX AX
Preibicel 3) ~ Picel AZAX + Preivice 4) ~ Pice AZAX +
Ay Ay
¢neib(ice|,5) _¢icel AXAy + ¢neib(ice|,6) _¢icel AxAy 4 f

AZ AZ

icel

AXAYAz =0

26
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BB HEEIL—RAERN

¢neib(ice|,1) B ¢ice| AyAZ n ¢neib(icel,2) o ¢ice|
AX AX

AYAZ +
¢neib(ice|,3) B ¢ice| AZAX + ¢neib(icel,4) o ¢ice|
Ay Ay

¢neib(ice|,5) _¢icel AXAy n ¢neib(ice|,6) _¢icel AxAy + ficel
A7 Az

AZAX +

AXAYAz =0

ZM(¢k - ¢ice| ): - ficeIVi

k dicel—k

{Z j‘ce'—k }qﬁm, + {ZM@} =—f V. (icel =1, N)

icel—k K icel—k

xt I8 JEXI IR

27
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EDFRBTFIORX
ETONRZLN: BEITHI

[KH{®}={F}

ARE®R

) O—O—O
ol BN
o0]] | |
<\ () (o) (<
=% &/ & )
NI < |

o

I O Dy I Dy M VR R N
.
geeeceegecedesss o
— —
X X X 0O
X X X X 0O X
X X X X 0O X
X X O X
X X X 0o X X
X\ X PX X 0O X X X X
X X X X 0O X X X X
X X O X X X
< X _®_D > X
X X X X[ O |IX X X X
X X X X AOf X X X X
X X O X X X
X 0O X IX
X 0O X X1 X IX
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FVM®D % 1THHERTT S

HZ BRI DITVIADKREICEH
REDEREDABZRNHS

i EREDILE
S. :
Z d Ikd (¢k _¢i)+ViQi =0

- +0q..
k k k -
! | KBTSV R

i ERIFR

 REEIR

i ERPIDAOREETOIER
KBTSV IA




o A(ij)D KD
EMNZEREITAIEELER |

BRITH:0HYZ LY

THITIXIERIZRY
— & 1175IR I+

3 PRIATRE  IEFIEXT

A

— BIZIERINBMNL0MEH S LT HERBERE (T—FH) (&

« IE/A4T5:0(101)
e EFIEXABMS

= HITHID

»#5: O(1020)

D
X

X X X X O X
xX X X X O X
X X O X

X O x X

x X

X O X xX X X

X X X

X O X xX X X

xX X X

x X

O X

X
X

x X

X O

X
X

X O X X X X

X X X

X X X

X
X

X O X

X
D

x

X X
X X

X
X

D
X

X X X

X
D
X

X X X

X
X

X
D X

eg@g@@gﬁﬁﬁﬁ@pﬁ@ﬁ

30

g man mmeon . momon n.m

] 53 @yﬂlimﬂré‘ﬂﬁjfﬁﬁ

o EFTDHEIET HDHINER

1D-Partl
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THIRNIRILEA~DER
(3ER) IEXR AR DA Z BN, BRITHIRIITAIE
Compressed Row Storage (CRS)

Diag (i) XA/ (EH, i=1,N)

Index(i) FEXARHDEIC B 3— REd GELES)
(B, i=0,N)

Item(k) JEXRARTDERG)ES
(BH#, k=1, index(N))

AVMat(k) JEXAERSD
(E#, k=1, index(N))

(Y}= [A] {X] 3

do i= 'I, N T Y ©
Y (i)= Diag(i)*X (i) REE I S
do k= Index(i-1)+1, Index (i) RS @ B
Y(i)= Y(i) + Amat (k) *X (Item(k)) Cxxxpx xxxd
enddo Xk ol
enddo s .

1D-Partl
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THIRNIRILEA~DER
(3ER) IEXR AR DA Z BN, BRITHIRIITAIE
Compressed Row Storage (CRS)

{Q} =[A] {P}

for (i=0;i<N; i++) {
WIQl[i] = Diagl[i] * W[PI[i];
for (k=Index[i];k<Index[i+1];k++) {
} WIQI[i] += AMat[k]*W[P][Item[k]]:

1D-Partl
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TRV BITH=>ETHEE

8, 8, . Ay, Ay |[X%] [ %)
a21 a22 a2,N—1 aQ,N X2 y2
o v=J %
a‘N—1,1 a‘N—1,2 aN—l,N—l a‘N—l,N XN—l yN—l
_aN,l aN,Z aN,N—l aN,N_ \XN, \YNJ
{Y}= [A] {X}
do j=1, N
Y(j)= 0.d0
do i=1, N . .
Y= Y(@) + AC, j)*X(i)
enddo

enddo

1D-Partl



Compressed Row Storage (CRS)

1.1

2.4

4.3 3.6

0
0
3.1

0
4.1
9.5

0
6.4
9.5

0 25
5.7 0

0 098
104 O
6.5 O
25 0
1.3 9.6

0
1.5
2.5

11.5

0

0

0

37 0 91
0 31 O
2.7 0 0
0 43 O
124 95 0
1.4 231 131
31 0

51.3

34



Compressed Row Storage (CRS): C

Numbering starts from 0 in program
00000060060
11| 24 3.2

©|® @
4.3 | 3.6 2.5 3.7 9.1
© | @D &) ® @
5.7 1.5 3.1
@ @ ®
4.1 9.8 | 2.5 | 2.7
@ @1® &
3.1 (9.5 [10.4 11.5 4.3
© @@ @ ®
6.5 12.4( 9.5
@ ® | ®
6.4 | 2.5 1.4 [23.1[13.1
® | @ ®|1® |
9.5 | 1.3 | 9.6 3.1 51.3
©®1 @] ® @

N= 8

Xt A5
Diag[O]= 1
Diag[l]= 3
Diag[2]= 5.
Diag[3]= 9
Diag[4]= 11.
Diag[5]= 12.
Diag[6]= 23.
Diag[7]= 51.

Wk, A~AOTOONO PR

35



36

Compressed Row Storage (CRS)

s © s ©
50 |202e
«® |8© ~05©
MG RGNS
20 20
SQ29/2682@
~© 9 a0 |e0a®
30 = O
C0|20|5020|c09a050=6
&




Compressed Row Storage (CRS)

(Index[i])*"~(Index[i+1]) -

# Non-Zero
Off-Diag.
‘:’ 11 | 2.4 | 3.2 5
© ©® @
‘ﬂ’ 3.6 | 4.3 | 25| 3.7 | 9.1 4
ORECHECRECORRC
¢g' 57 | 1.5 | 31 5
@ | @ | ®
‘a’ 98 |41 | 25| 2.7 3
@ ® @ ®
‘n' 1.5 3.1 | 9.5 {104 | 4.3 4
@ 0 ® 2| ®
‘E’ 12.4| 6.5 | 9.5 5
® | @ ®
1" 231/ 64| 25|14 131 4
® | ©®© 1 Q@ 6|0
‘a’ 51.3/ 9.5 1.3 9.6 | 3.1 4
@ ® Q@ |6

Index[O]= O
Index[1]= 2
Index[2]= 6
Index|[3]= 8

Index[4]= 11
Index[5]= 15
Index[6]= 17
Index[7]= 21

Index[8]= 25

Non-Zero Off-Diag. Components corresponding to i-th row.

NPLU= 25
(=Index[N])

37



Compressed Row Storage (CRS)

# Non-Zero Index[0]= O

Off-Diag.
(0 2 Index[1]= 2
° 4 Index|[2]= 6
e 2 Index[3]= 8
© 3 Index[4]= 11
G 4 Index[5]= 15
(5 ) 2 Index[6]= 17
G 4 Index[7]= 21
0 4 Index|[8]= 25

(Index[i]DD®"~(Index[i+1]) t":
Non-Zero Off-Diag. Components corresponding to i-th row.

NPLU= 25
(=Index[N])

38
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Compressed Row Storage (CRS)

1.5
2.5

|
|

4, AMat[ 6
2, AMat[18

Item[ 6]
I1tem[18]

50 20 |686|5O

5@ |Nese [fege

MCHCMCMSEISIE FT S

MEHC HIC bSO dSIMSEIS
S
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Compressed Row Storage (CRS)

©

2.4
D,0

3.2
@;1

S

4.3
©,2

2.5
O

3.7
©.4

9.1
@5

® 3

1.5
@,6

3.1
®.7

@ &

4.1
OX:

2.5
@,9

2.7
®,10

-
N
)]

3.1
©,11

9.5
®,12

10.4
2,13

4.3
®,14

@i@-

6.5
2,15

9.5
®,16

N
w
® S

6.4
®,17

2.5
2,18

1.4
®,19

13.1
@,20

3]
-_—
Sk

9.5
@®,21

1.3
2,22

9.6
3,23

3.1
®),24

Diag [N] kS (EH)
Index[N+1] JEXFARD#ICRET 55— RTESI
GELES) (BH)
Item[ 1ndex[N]]
EXARD DER(F)ES (BE)
Amat[index[N]]
FExt F R (2H)

{Y}=[A] {X}

for (i=0;i<N; i++) {
Y[i] = Diagli] * X[i];
for (k=Index[i];k<Index[i+1];k++) {
Y[i]l += AMat[k]*X[Item[k]];
}



BR1T : IEF R 57 D AHELIE
SAEYADEEX
(memory bound) : H#ES R
(£45, FEM, FVM)

(Y}= [A]{X]

do i=1, N
Y(i)=D(i)*X(i)
do k= index(i-1)+1, index(i)

kk= item (k)
Y(i)= YC(i) + AMAT (k) *X (kk)
enddo

enddo



THRIRILIE . ZB1TH=>ETHEE
AEY~ADOEBH/NPILN

Ay, A, .. Ay Ay || X Yi |
a21 a22 a2, N -1 a'2, N X2 y2
L4 b= 0
aN—l,l aN—1,2 a'N—l,N—l aN—l,N XN—l yN—l
i aN,l aN,Z aN,N—l aN,N \ XN ) L YN )
{Y}= [A]{X]
do j=1, N
Y(j)= 0.d0
do i=1, N . .
Y()=Y() + AG, j)*X()
enddo

enddo



e =3
* BER

— ARATEE
— RTS8 %
o ICCGEIZKARTYUAREREVILN—IZDLVT

- BT

o« T—ARIEE

— 7055 LMDERBA
o FEAML
o BRETN)ORER
e |ICCGi%

e OpenMP
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ElEREMNETEIZCBITS
KRR AR DAL

o ZLDOFFRIEFARE, FRIICKFERERZHER

Ax=bZ R LIZI/EFESNS,

— Important, expensive

o TIVT—2aVITiELTRRGFENMERSN TG

— Bf1T% (sparse), 175 (dense)
— E#% (direct), R1E7E (iterative)

=/

o %174l (dense)

— 5O0—/\)LEMBEER BEM, ARSK)LE, MO, MD(S%)

e BR1THI (sparse)
— O—AHJLIHEE R . FEM, FDM, MD([E), SE S E

BEM

5 18 R Bl 1+
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E % (Direct Method)

e GaussMEEE, EELUN R
— HITHIAZEE KD S

« MR
- RE, BIEWF I r—av (B AR RE
« Partial Pivoting
— BRITHI, ZATHIWT NlZHE AT EE
« XA
- REBEZELYLATEY, S1EFHZRELT S
« B1T5IDHZE, OIN})DETEE
— RHAEGETER T TIEZL
« ON2)DEREER=E, OIN)DEHEE




REEEF - - -

Linear Equations

EIT—RAER

Initial Solution
PRz

\
A QA o QX ) b1 X1(O)
Ay Ay By, || Xy b, x. (0
. . . . . — . X(O) = 2
0
d, a,, - ap \Xn ) \bn ) Xn( )
A X b

L EAEE xOMSIRO T, #YRLETEICEK > TEDEEIC
IR (converge)=t TL YK

x® x@ ...
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2 18:% (Iterative Method)

« EE (stationary) ;%
— RIEFTED, BRIMNLUNDERITIEIEET
— SOR, Gauss-Seidel, Jacobiti&
- BILGEL

AX =b =
x & = Mx ) + Nb

« JEEE (nonstationary) i%
— R, E{EEEINHD
— Krylov&R 5> 228 (subspace) ~NDEZRZEKELTHERT H7-
&, KrylovEin ZERiEEEEIEND
— CG (Conjugate Gradient: ®£ & G &%)
— BICGSTAB (Bi-Conjugate Gradient Stabilized)
— GMRES (Generalized Minimal Residual)
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R 18:% (Iterative Method) (=)

« AR

— EEERLLBRLT, ARUYFEHE,
— WHEEIZILBELTLNAS,

+ RR

— INRHEA, 7TV r—ay, BRFHOEE

— HIIALIE

 (preconditioning) HYE

FE,

HEEMSDHE,

ZFPTN,



/nth S a3k . N
EERREE:V)OTER7ZERIE(1/2)
Krylov Subspace Method

Ax=b=x=b+(1-A)x
UTDOREXZZEALX), X4y Xy, oy X ZKDB:
X, =b+(1-A)x,,
= (b_AXk—l)+Xk—1
=N X where r, =b—-AX, : 5ZZ=~J )L (residual)

'

k-1
X, =Xo+ DT,
=0

r.=b—Ax, =b-A(r,_,+x,,)
= (b - Axk—l)_ Ar ,=n,—Ar,= (I - A)rk—l

49 Solver-lterative



EEFEREE:2)OTEH2E/ME (2/2)
Krylov Subspace Method

k—1 k-2 k-1 .
X =Xo+ D N =Xg+T+ > (I=A)r =x,+1,+ > (1-A)'r,
i=0 =0 =1

z [ZkR D) O 7ER 522/ (Krylov Subspace) IZ[E3 2RIk L,
MREIE 2RI ZEMASEDLSIIZLTHEDIELRIR L Z
KDBEMZH5:

50 Solver-lterative



REMIEE S RS R DS

« Conjugate Gradienti%, BEL TICG &
- RORARMGIIEER IREE
o XIFFIEFEEITHI (Symmetric Positive Definite: SPD)
_ EEORILOM T LTOITAIXG>0
- XA >0, £EBEHFHIE>0, £807 175X (F /75X -
B E1THI) >0&REHE

(8, ay, i a;,)a, - ay|

e ZJIO)X L
= 2% T ;% (Steepest Descent Method) |2 22 2s i 2s - a,
Yy

— x0= x(-1) + gz R —

o x0: RIEAE, pO:IERAM, o FH)
— BEBEYET BHEE XYYAXYER/INT B LS54} E
KD B,
— HMIIXSEXESER
o BiZIE: FERTBUERRNT (BE20R) 1 (FITHER)




HZDEE (CGE)DTILTYX L

Compute r®= p-[A]x©®
for 1= 1, 2, ..
if i=1
pMD= r©®
else
Bitlz Pi-_1/Pi-2
pO= rG-D + p. , pl-D
endif
q®= [A]p™
a; = pi—llp(i)q(i)
XM= x(G-1D + g.plD
rv= rG-1 _ Otiq(i)
check convergence |r]|

D
)

o ITHIROK)LIE

. R
. R4

~ LN
~ )L TE BA1E O IRk

(DAXPY)

()

O

- Vector
- Scalar

Solver-lterative



Solver-lterative

HZDEE (CGE)DTILTYX L

Compute r®= b-[A]Ix©®

for i= 1, 2, . o ITHINTRILEE
pi = rG-D pG-1
if i=1
p(l): r©
else

Bi-1= Pi-1/Pi-2 ]
pM= rG-1) 4+ Bi_1 p-1
endif
gO= [A]p®
a; = py1/POD
x(D= x(-D 4 g .p®
r= G- - ¢ q®d

check convergence |r]| x() - Vector
a; - Scalar

D
)



Solver-lterative

Compute r®= b-TAIx©®
for 1=1, 2, .

D
)

pi= rG-1 pG-1

pM= r©

Pi-1= Pi-_1/Pi-2 ]
pM= rG-1) 4+ Bi_1 p-1

q®O= [A]p®

a; = pi—llp(i)q(i)

XM= x(G-1D + g.plD
rv= rG-1 _ Otiq(i)
check convergence |r]|

HZDEE (CGE)DTILTYX L

« NYKILAFE

Vector
Scalar



HZDEE (CGE)DTILTYX L

Compute r®= p-[A]x©®
for 1=1, 2, .
pi= r@-n pG-n

if i=1

dse | « RYFLEHED M
Bi-1= Pi-1/Pi-2 (DAXPY)
M= rG-1) 4+ 3. (i-1)

A= [ATp ~ {y)=apd + {y)

o; = pi-1/PMg

x(= xG-D + g:p(D

rH= rG-0 - g qMd

check convergence |r]| w (1)

- Vector
a; - Scalar

D
)

Solver-lterative



Solver-lterative

HZDEE (CGE)DTILTYX L

Compute r®= b-TAIx©®
for 1=1, 2, .
pi= r@-n pG-n

@

r©

Pi-1/Pi-2

= rG-D + g pG-D

qO= [A]pD®

o; =

py-1/POqD

x(M= x(-1) 4 (xip(i)
rd= rG-0 _ o.qd®
check convergence |r]|

()

Vector
Scalar



CGET7ILIYXLDEH(1/5)
VR Z R (Ay=b ) ETHEE, TREZw/INIT HxEKD5:
(x=y)' [Alx-y)

(x=y) [Alx=y)=(x, Ax)=(y, Ax)-(x, Ay )+ (y, Ay)

= (x, AX)—2(x, Ay)+(y, Ay) = (x, Ax)-2(x,b) +(y,b) TEZX
EHOT, TEE f(X) THw/MIFT BxEROHINIL KLY

f(x):%(x, Ax)~ (%, b)

f(x+h)=f(x)+(h Ax—b)+%(h, ap) EEOATRLD

Solver-lterative



f(x):%(x, AX) (%, b)

f(x+h):f(x)+(h,Ax—b)+%(h,Ah) HERDATRILD

f(x+h):%(x+h,A(x+h))—(x+h,b)

= (x+h, AX)+ (+h, Ah)=(x,b)- (.b)

=~ (X AX)+2( AX)+ (x, AR+ (h, AR (x,b)- (.b)

- %(x, Ax)—(x,b)+ (h, Ax)—(h,b)+%(h, Ah)

_ f(x)+(h,Ax—b)+%(h,Ah)



CGET7ILIY X L DEH(2/5)

CGEIFEED xO MhoigdhH T, (X)DTR/IMEZERIRET 5,
S, kBEHDELUHE xOERR G RpOARESF=ETHE:

X0 = x4 g

f(xk+D) Z g/ HF=IZI1F:
f(x(k) ta, p(k)): % akz(p(k), Ap‘k))— ak(p(k),b— Ax"‘)) + f(x(k))

of (X% + ¢, p® 0® b— AX®)  (p® r®
e 0 T = o

] (1)

r =b- A [FBKELIZR T DI

Solver-lterative



CGE7ILT) X LDEH(3/5)

BRE VLU TORICE>TETETES:
r.(k+1) _ r.(k) _ak Ap(k) (z) r(k+D) =b—AX(k+l), r® —p_ Ax®
p&H) (k) — Ay (kD) Ay (K) a, Ap(k)
REARZLUTOIIEXICEOTRDS:
p(k+1) — rk+) +/Bk p(k), r© — p(O) _(i)_

RYDECAITTERDESIZ(k+1) BB ICEEZEE y A RENIE
BLNDTHAD, BHRHHI-TULWEWNES TR --

(k+1)

_ u(k+1)
y =X + ak+1 p

Solver-lterative



CGE7ILT) X LDEH (4/5)

ECAHT, TRADKIGAMEDRVEXRERNHD:
(Ap("), y— x(k”)): 0

e

Ap®, y—x(k”)): (p(k), Ay - Ax(k”)): (p(k),b— Ax(k”))
(p(k),b _ A[x(") ta, p(k)D: (p("),b A g Ap("))
(p(k), r® g, Ap(k))z (p("), r(k))—ak(p(k), Ap(k)): 0

(p(k),r(k))
= (p(k), Ap(k))

RE-OTLUTHARILT S
(Ap(k), y — x(D ): (Ap(k) o, ptY ): 0— (p(kﬂ)’ Ap™® ): 0

Solver-lterative



CGET7ILIYXLDEH(5/5)

(p‘k”), Ap(k)): (r<k+1) + 8. p%, Ap(k)): (r‘k”), Ap(k’)+,ﬁk(p‘k), Ap(k)):o

_(r®, Ap®
= B = ((p(k), Ap(k))) (4)

(p(kﬂ), Ap(k))= 0 p® & pkrD) RITHIAIZEEL TH & (conjugate)

Compute p@O=r®= p-[A]x® (i1
o A A o o (p(' ) ))
calc. o;_, -1 (p(i—l) Ap(“l))

x(D= x(-1) 4 ai_lp(i—l)
rO= rG-0 — o.  [A]pG-D _ _
' ) —(r('), Ap("l))
check convergence |r]| ﬂi—l_( (i-1) A (i—l))
(1T not converged) P AP

calc. B;_;
p(l): ra + Bi_q p(l-l)

D
-
o

Solver-lterative
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CGET7INTVA L
EED>)ISHLTUTORKERLAFOND:
(p(‘),Ap(”):O(i )
BRERARPY , BRERINILIOZDONTEUTOBFRIKILT S:
(r(‘),r“))zO(i =) (p(k),r(k))z(r(k),r(k))

NRITZEB TEWMIERX T—RMILGFREANTRL r® [INEL A

FELLGL, o THEDEEITIRAOBMANE D EZITNEILIAIC
INEKRT D = ERIIINDEREDEZENH D (FHHMNAKRENIEE)

Top 10 Algorithms in the 20t Century (SIAM)
http://www.Siam.org/news/news.php?id=637

EUTAIAE, DUTLYIRE, JUDTE R ZEREE, 1TH 5 fRiE,
mua{EFortrana /15, QR%, 24y —F, FFT,
BHEZR7ILIVX L, FMM(BE S EiGE)
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Proof (1/3) (r(i)’r(j))zo(i A1)
Mathematical Induction (p©, ApD)=0(i = j) &

BRI IE IR

p(k)’ r(k)
(1) o= (I(D(k)’ Ap(k)))

(2)  rln Z 0 _g Ap®
(k+1) _ - (k+]) () ¢(0) _ (0)
3) p o =rr+p P r=p

. r(k+1), Ap(k)
(4) B, = ((p(k),Ap(")))

Solver-lterative



PrOOf (2/3) (r(i) I’(j)) O(I ) J)es
Mathematical Induction (p(.) Ap(,)) 0(i % j) (*)
HF R ITNE

(*) is satisfied for 1<k, J<kwherel= ] F#I1% 0<i< j<k
ifi<k (r(k”),r(‘)) (r(i),r(kﬂ))(z)(r(i) r(k)—akAp(k))
L (r®, Ap) @ (p® - g, p, Ap®)
=—ak(p(” Ap(k))+ Ofkﬁa_l( (-1 Ap(k)}ib
ifi =k (r(k+1) r(k))Z r (0 r(k)) (r(k) akAp(k))

(

3(r(k> r(k)) ( © _ g pkD akAp(k))
(
(

| % |l

- 07r) (X)) r(k)) ( () Ap("))“)(r(k) r(k)) (p(k),r(k))
G k) (k) (k=1) |, () (k)
(2)r( ) _ r() a, Ap r.r ﬂklp +r,r
(1) © (k-1) (k) \(2) (k1) . (k-1) (k-1) )
(3) PT=rTT s fip _ﬂk—l( 2 ) :Bk—l( 2 — o, AP

_ —<f(k”)’ Ap®) k-1) (k-1 k-1 k-1) \I(1)
@) A= (p(k), Ap(k)) — _IBk—l {(p( ) ! r( ) )_ ak—l(p( ) ! Ap( ) )} :nger-lterative



Proof (3/3) (o )0+ )
Mathematical Induction (p(i) Ap(j))zo(iij
O b S |

(*) is satisfied for 1<k, J<kwherei= | #& 0<i< j<k

)
)()

ifi<k <p(k+1),Ap(i))(g)(r(k+l) "‘,ka(k),Ap(i))

P 3 . (k) (k)
(:{r(kﬂ) : Ap(l) ) Mea = (E)F()k)’ Xp“‘?;
(g) 1 (r(k+1) r(i) B r(i_l) )_ 0 (2) rtd =00 _ g Ap®
o —a ] - (3) p(k+l) — I,(k+1) +ﬂk p(k)
Kk
; @ 4 - _(r((k;—l)’ A(pik))
- - k ,A k
ifi = k (p("”), Ap(k))(:)(r(k”), Ap(k))+,8k(p(k), Ap(k)) (p®, Ap®)

@

Solver-lterative
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@)

(r(k*l),r(k))
(r(k“), r(k)) )(r‘k), () —(r‘k) a, Ap("))

o0 )5~ 2. )
11,0 (5,2 e, 1)

e 1IN I

—
*

.((k) (k))_( () (k)) (p®,r®)
S ArY, r ) =(p",r N -
( ) k (p(k),Ap(k))

(2) rd =0 _ g Ap®
(3) p(k+1) — r.(k+1) +ﬁk p(k)

(%, pp®
(4) 5 = ((p(k)’ Ap(k)))

Solver-lterative
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o, P

LR L, BIFEOEEOEMBELGHRICERTES:

0®) b— Ax(k)) (p(k), r(k)) (r("), r(k))

L

(p®, Ap®) ~ (p®, Ap(k)): (p®, Ap®)
(p(k), r(k))= (r(k), r(k))

Solver-lterative



HZDEE (CGE)DTILTYX L

Compute r®= p-[A]x©® () -
for i= 1, 2, . X - Vector
piy= M e a: - Scalar
if i=1
pW= r©
else _ _
(i-1) (i-1) _
R YL U
ptP= ri= + B; , pt*” - (i-2) (i-2) _
endif . (I’ 1t ) ( pu—z)

= [A]p® e
4y = pya/pPGD ()
x(M= xG-D + ¢ pd o = (p(i) Ap(i))
r= rG-1 _ g.qMd ’

check convergence |r]|

(: pi—l)

D
)

Solver-lterative



OMP-1

70

AIALEE (preconditioning) &(37?
. Jiﬁlid)ﬂiﬁliﬁ‘a& THDE R ES ITIKTF

BHES AL, HDLZEL

— &% (condition number) GIfAIEETE) = K&/
o FHHMLITEWNEEUFRLAOT LY

. %t@ﬁ‘%& THI[A]IZ B < =riAL:

/1

HiES

T

nEWET Do

=]

— HIJ&LLIEiﬁﬁIJ [MIICE>TID AKX [AI O G={b}%
[A1{3={b’ I~NEEH#TH, CCTIAT]=[MI[A].

{b”}=[M]1-{b} THS-

FEUERA R (BELLITHI)

RIELL

BITHI[M]Z @RS

— [A1=[M] A1 ERGLAT RIS R T IE R WL EWLS &S,
— [AT=[A]IM] 2D S IZEMLNMTEIEEH D,

B, BRY ﬁleﬂbl FEARTRH, &

IO

. FHIJL

B L7117

THZERRICTHIENS

& | L BR



OMP-1

HITALEER {+ 21 WBLE

Preconditioned Conjugate Gradient Method (PCG)

Compute r(O): b_[A]X(O) [M]: [M]_] [MZ]

for ¥=1. 2. .. : [A”]x’=b"

solve [V1z( D= rC™  [A-]=[W,]*[ATDN,]
il x"=[M,1x, b*=[M,]1b

6?;1;: 2 p’=>[M,]p, r’=>[M]'r

o S, pan PTOS TY Ba P

= i-1

ZZ%C[A]IOG) [MIp= [M]-1rC-D + g~ [M]p¢t-D
I P p= [M,]L[M] G + B, pl-D
xM= x0-1) + o,p®> p(O= [M]rG-D + g, pG-D

r(= pG-1) _ aiq(i)
check convergence |r}|
B7i-i= (IM]-tr¢-D, rG-13/
(IM]-2rG-2 | rG-2))
o= ([M]-r¢-D, r-0y/
( pU=D, [A]p¢-D)

D
-



OMP-1 72

HITALEER {+ 21 WBLE

Preconditioned Conjugate Gradient Method (PCG)

Compute r®= b-[A]x©® e _ szt |
for i= 1, 2, . ERICOLHREZFTHET:

solve [M]z(-D= G-

pi = r- zG-D {z} = [I\/I ]_1 {r}

if 1=1

i;le)lj = ELLEITH IDETENDE
o= 26, pan M =[A]Y, [M]x[A]

Ul _

?:)Z gi]l%?nqm_ RABDHILIE : KD $1T5

Kon ran - PG M =[A]%, [M]=[A]

check convergence |r]|

SMEART—)T FEE=81>
M[*=[D]", [M]=[D]

D
-



XRRT—1)2, AvaERLE

o RILEESTHIELT, £HEDITHD X AR D H 7 HY H
L=1THIZHILEITE [M] &F B,
— AR —124, BaE (point-Jacobi) B ALIE
D, 0 0 0
0 D, 0 0
M]=] ...
0 0 D,, O
0 0 0 D,

e solve [M]zCG-D= rG-DEWNSHEICHITIHIZFEE

[ZRDBZENTES,
e FHEZERETIIINET S,




OMP-1

o IROILE,

SN TULDHRETALE (BR1T5I )

ILU(0), I1C(0)

- FEL2LUSFE
e Incomplete LU Factorization
— AEEIALRAXT—5E
« Incomplete Cholesky Factorization (3t #1751)

« FRERFEEE
- LEDFTHIHBETS, BATHSBREIZROALN,

— fill-in

— LEDITHIERLCIEELEOANF—2 (fill-inEL) ZFHFo>TLNVS
D MILU(0), 1C(0)

74



OMP-1 75

LUDBRE : RELUDERA

N7

N7

7J
H

» BEfZZAD—&
- BATHIEEERHDF A

- FETHICHEITHODZERFLTHITLDOT, A
Eo=ESITHERMBZENTES

— HITHZE KO SHERIZFill-in(HEDITHITIXOTH-T1=¢&C
AIZENAB)IELS

e LU factorization



OMP-1

R RRLUDBE

 |LU factorization
— Incomplete LU factorization

« Fill-inOFEEZHIRLT, AILEZ{ES3

_—

- IFE2BHTE, LLBWNVERERE
— Fill-inZ&F 72L& ILU(0)

ik

76



OMP-1

LUD#ERIC KB —RIJFET
DL

ADn X nfTHIDEZ . AZRADIIIZKRT &%

(BHAWNIE. ZFDEHLGLEUZTDEDZT)ADLUDEEELYD.

ayy aj, o ST = ¥ 1 0 0 -+ 0 U, U, Uz
A,y Ay A,y Ay |21 1 0 -+ 0 0 Uy, Uy
A Ay Azt Qg | F |31 |32 1 -+ 0 0 0 Uss

anl an2 an3

© o Ap In2 In3

L : Lower triangular part of matrix A
U : Upper triangular part of matrix A




OMP-1

\—

nTTDEIL—RGEXD—HEH

A X tapX, +--+ X, = bl
8, X, +8,,X, +--+a,, X =h,

n

a. X +a X +--+a X =b

5 R X \
/all aj, e ayy, Xy
Ay Ayt dpy || X2 |
d,, Ay, -0 Ay, Xq

A X

&1/ —RIJFENDITHIERL

@ AX =D

78



OMP-1

79

LUDBEZ AU CAX=bDEEE

1 A = LU a3A00LURRELEUERDS.

FREE 1)

2 Ly = b DiEyERDB. (

] UX =y  osExns.

—oxst AX = b otz

(HE ")

'~ AX =LUX =Ly =D



OMP-1

Ly=bDfEE | BIERA

[
Ly —b - 1 O ATRA b,
L, 1 - 0y, _ b,
In1 In2 1) yn) bn)
y, = y, = b
1 1 Yo :b2_|21Y1
|21Y1+yZ :bz > :
n-1
|n1Y1 +|n2Y2 Ty, an Yn = bn _Inlyl _Inzyz = bn _Zlniyi
i=1

FDABTIZ (one after another) fZHKES.

80



OMP-1 81

Ux=yDEEZ @ BRAA

UX — y PR Uy Uy o U ) Xy KY1\
0 Uy o0 Uy || Xy _ Y,
.0 0O - u, J\X, Yo )

' X, =Yy, /lu,

U X, =Y,
. Xn—l — (yn—l o un—1,an)/un—1,n—1
un—l,n—lxn—l + un—1,nxn _ yn—l .
: =)
n
U Xy U Xy +-+ U X =Y X, = Y1_Zu1jxj /u11
=2

FEDABIKIZ (one after another) fED K ES.




OMP-1

N
[T

alZ
a'22

a32

anz

@O ==

2 wmp Qa, = |21u111331 = |31U11""

a13 a1n ‘
a23 a‘2n
a33 a3n
an3 ann

s, = |31u12 + |32u221"'

dpp = Up,8 =Up,

m) a, = |21u12 T Uy, -

=

— |32’|42""

’In2

8y = Uy = Uy, Upp o

y Ayn = |21u1n T Uy, = Uy, Uy, oo, U,

82

ull ulZ u13 uln
O u22 u23 u2n
0 0 Uug Us,
0 0 0 u,.
’uln
Ay = In1u11 = |21’|31’”"|n1

n



OMP-1 83

1 2 3 4 1 0 O)u, U, U, U,
A= 2 6 7 10| |l 1 O O uU,, U, U,
2 2 8 7 l,, 1, 1 0] 0 0 Uy, Uy
0 -4 7 l,, 1, I, 1) 0 0 0 uy,

117 mp 1=u,,2=U,3=U;4=U,
=15 wmy 2=1u,=>1,=2/u,=2, 2=I1,u, =>1,;,=2/u, =2
0= |111:>|41—O/u11—0
%297 ™ 6=1,u,+U,, => U, =2, 7T=lU,+U,;=>U, =1

10 =1,,u,, +U,, > U, =2

E25 ‘ 2 = |31u12 + |32u22 — |32 =-1, —-4= I41u12 + |42u22 — I42 = -2



OMP-1

SWENGMSY,

1 2 3 4 1 0O O)\u, U, Ug
A= 2 6 7 10| |l 1 O 0 U,, Uy,
2 2 8 7 l,, I, 1 0| O 0 U,
0 -4 7 l,, 1, 1, 1)L0 0 0
31T mp  8=l3U;; + 15Uy +U; = Uy =3,
7 =lyuy, +1uy Uy = Uy =1

#37 ) 7= |41u13 T I42u23 + |43u33 = Uy =3

%4’??(’%45”)~ 1= I41“14 + I42u24 + I43us4 Uy = Uy = 2

147, 15, 2947. 25, - » “DIEIZKRHBRZEE-TLNK.
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OMP-1

SWENIGMSY,

wh =

0O 0)y1 2 3 4
0O 00 2 1 2
2 -1 1 0|0 0 3 1

0
1

1
2

0O -2 3 1)0 0 0 2

7 10

v
1

8

0 -4 7

=

=

-

-



86

OMP-1

N R (@
-/ ) &
=\ (o) (e
m1\ & &
—

12

11

10




OMP-1

10

11

12

87



OMP-1

¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\{ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

EXVRRER - i A RT3

000 -100 0.00 000 0.00 0.00
-100 000 -100 0.0 000 0.00
6.00 000 000 -1.00 0.00 0.00
000 6.00 -1.00 000 -100 0.00
000 -100 6.00 -1.00 0.00 -1.00
-100 000 -100 6.00 000 0.00
000 -100 000 000 6.00 -1.00
000 000 -1.00 000 -100 6.00
000 000 0.00 -100 0.00 -1.00
000 000 0.00 000 -100 0.00
000 000 000 000 0.00 -1.00
000 000 000 000 0.00 0.00
1
3
5
7
9
10
11
12

000 000 000 000 N ¢
000 000 000 000
000 000 000 000
000 000 000 000
000 000 000 000
~100 000 000 000
000 -100 000 000
~100 000 -100 000
600 000 000 -100
000 600 -100 000
000 -100 600 -100
~100 000 -100 600 / \
\ (a) (¢
O—~@—0©
O\ ) (¢
@O—06E——~F®

N

7 000

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

N\
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OMP-1

¢’ 6.00
~1.00
0.00
~1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\{ 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

=451 : 7

000 -100 0.00 000 0.00 0.00
-100 000 -100 0.00 000 0.00
6.00 000 000 -1.00 0.00 0.00
000 6.00 -1.00 000 -1.00 0.00
000 -100 6.00 -1.00 0.00 -1.00
-100 000 -100 6.00 000 0.00
000 -100 0.00 000 6.00 -1.00
000 000 -1.00 000 -100 6.00
000 000 0.00 -100 0.00 -1.00
000 000 0.00 000 -100 0.00
000 000 000 000 0.00 -1.00
000 000 000 000 000 0.00
1
3
5
7
9
10
11
12

000 000 000 000 N ¢ 100
000 000 000 000 2.00
000 000 000 000 3.00
000 000 000 000 4.00
000 000 000 000 5.00
~100 000 000 0.00 6.00
000 -100 000 0.0 7.00
100 000 -1.00 0.0 8.00
600 000 000 —-1.00 9.00
000 600 -100 0.00 10.00
000 -1.00 600 —-1.00 11.00
~100 000 -100 600 / N\ 1200/
\ (o) (c )
@ 8) 9
A () (¢ >
@—5——
O—2—=0)

7 000"

3.00
10.00
11.00
10.00
19.00
20.00
16.00
28.00
42.00
36.00

\\ 52.00

N\
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OMP-1

SEELUSBELI=<R) IR

HLEDTR)HR

LUSELT=-<RJOR
[LIV]R B IZFR R

[LIxt 8 R or (=1) BB
(fill-inM®&ELC TS, ©
EHE07=o1=-p 5 HVIE
02> TLNS)

d 6.00

-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

7" 600
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N\, 0.00

-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
6.00

-1.00
0.00

-1.00
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00
-1.00
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00
0.00
-1.00
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
0.00
0.00
-1.00

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
6.00
-1.00
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
6.00
-1.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 N
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00

-1.00

6.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
~1.03

5.63 ./
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OMP-1

LU BELT=~

AEELUSRELT-
<ThY O X (fill-inZEL )
[L][U]RIBIZ&R =

L] AR (=1) B hE

SELLUSELT=

E YUV
LI[V]RBI= &R

[LIxt AR5 (=1) B RS
(fill-inNEL TS, £
&1 E01=o1=paHIE
FAIZE->TLND)

7 6.00
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

\\ 0.00

7 6.00
-0.17
0.00
~0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

N, 0.00

-1.00
5.83
-0.17
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
5.83
-0.17
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00
0.00

KSR (fill-infE&EL )

0.00
-1.00
5.83
0.00
0.00
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
5.83
0.00
-0.03
-0.17
0.00
0.00
0.00
0.00
0.00
0.00

-1.00
0.00
0.00
5.83

-0.17
0.00

-0.17
0.00
0.00
0.00
0.00
0.00

-1.00
-0.17
-0.03
5.83
-0.18
0.00
-0.17
0.00
0.00
0.00
0.00
0.00

0.00
-1.00
0.00
-1.00
5.66
-0.18
0.00
-0.18
0.00
0.00
0.00
0.00

0.00
-1.00
-0.17
-1.03

5.64
-0.18
-0.03
-0.18

0.00

0.00

0.00

0.00

0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18
0.00
0.00
0.00

0.00
0.00
-1.00
0.00
-1.03
5.64
-0.01
-0.03
-0.18
0.00
0.00
0.00

0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00
-0.17
0.00
0.00

0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18
0.00
-0.18
0.00

0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18
-0.03
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
0.00
0.00
-0.18

0.00
0.00
0.00
0.00
0.00
-1.00
-0.01
-1.03
5.63
-0.01
-0.03
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
0.00
5.83
-0.17
0.00

0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-0.03
5.82
-0.18
0.00

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00
5.65
-0.18

0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
-0.18
-1.03
5.63
-0.18

0.00 "\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
-0.01
~1.03

5.63 /7
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OMP-1

BOLLER .- BEoEED

/” 600 -100 000 -100 000 000 000 000 000 000 000
qz'i"él_u/ \ﬁ” -017 583 -100 000 -100 000 000 000 000 000 0.00
. ) A%

000 -017 583 000 000 -100 000 000 000 000 000
-017 000 000 583 -100 000 -100 000 000 000 0.00
000 -0.17 000 -0.17 566 -100 000 -1.00 000 000 0.00
000 000 -0.17 000 -0.18 565 000 000 -1.00 000 0.00
000 000 000 -0.17 000 000 583 -100 000 -100 0.00
000 000 000 000 -018 000 -0.17 565 -100 000 -1.00
000 000 000 000 000 -018 000 -0.18 565 000 0.00
000 000 000 000 000 000 -0.17 000 000 583 —-1.00
000 000 000 000 000 000 000 -0.18 000 -0.17 565
\, 000 000 000 000 000 000 000 000 -0.18 000 -0.18

dl 6.00 -1.00 000 -100 000 000 000 000 000 000 0.00
é -0.17 583 -100 -0.17 -100 000 000 000 000 000 0.00

000 -0.17 583 -003 -0.17 -100 000 000 000 0.00 000
-0.17 -003 000 583 -103 000 -100 000 0.00 000 0.00
0.00 -0.17 -0.03 -0.18 5.64 -103 -0.18 -1.00 000 0.00 0.00
000 000 -0.17 000 -0.18 564 -003 -0.18 -1.00 0.00 0.00
000 000 0.00 -0.17 -003 -001 582 -1.03 -001 -1.00 0.0
000 000 000 000 -0.18 -003 -0.18 563 -1.03 -0.18 -1.00
000 000 000 000 o000 -0.18 000 -0.18 563 -0.03 -0.18
000 000 000 000 000 000 -0.17 -003 -001 582 -1.03
000 000 000 000 000 000 000 -0.18 -003 -0.18 563
N\, 000 000 000 000 000 000 000 000 -0.18 000 -0.18

0.00 ™\
0.00
0.00
0.00
0.00
0.00
0.00
0.00
-1.00
0.00
-1.00

5.65 /

0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
~1.00
~0.01
~1.03

/7 0.92°\
1.75
2.76
3.79
446
5.57
6.66
7.25
8.46
9.66

10.54

563 /

\ 1183

71007
2,00
3.00
400
5.00
6.00
7.00
8.00
9.00

10.00
11.00

\\ 12,00,/
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BILEE D 5345 : Trade-off

Strong

ﬁ

Point Jacobi

Diagonal
Blocking

« Simple
» Easy to be Parallelized
* Cheap

Gaussian
Elimination

» Complicated
» Global Dependency
* Expensive




C1=a=}
* BER

- ARIFIEE
— B RIEE

o ICCGEIZEKART7VYUARRIEZVIL/N—IZDUNT
— EITHE

o T—HRIEE

- J0%455.L0DERER
- F1HAME
o FZEMTN)ORER
e ICCG%

e OpenMPT#8 AP




Target Application

3D Poisson Equations

2 2 2
0 ? 0 ? ¢ R
ox*  oy® oz°
Finite Volume Method (FVM)

— Arbitrary Shape Elements, Cell-Centered
— “Direct” Finite Difference Method

Boundary Conditions
— Dirichlet B.C., Volume Flux

Preconditioned lterative Solvers
— Conjugate Gradient + Preconditioner

96
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3D Structured Mesh
Internal data structure iIs “unstructured”

[l L L L
[l L L

Z
N
AN

) A N NI AN
>
N

NX
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Target Problem: Variables are defined
at cell-center’

Poisson Equation

o’ 0°p 0°
R =0
oX® oy oz ax
B.C.
® VOIUme FIUX Flux of each cell
= dfloat(i+j+k) xVolume
° (I):O@Z:Zmax (i,J,.k)=Xvyz(icel,(1,2,3))

2

X
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
Do (d—4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij
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Running the Program: <$P-L1>/run

mg
mesh generator

'

— T — T
k/ &/
L1-sol _
meSh.dat Poisson Solver * teSt.Inp
mesh file EVM ParaView File
\_// p/
NO explicit mesh file f
inactual computation.

Control File

INPUT.DAT J




$>
$>

$>
$>
$>

cd

Running the Program

<$P-L1>/run

Compiling

gfortran -0 mg.f¥ -o mg (or cc -0 mg.c —o0 mg)

Is

cd

mg
mg

_../src

make

Is

_../run/L1-sol
L1-sol

Mesh Generator: mg

Poisson Solver (FVM): L1-sol

101



Running the Program
Mesh Generation

$> cd ../run
$> ./mg
4 3 2
$> Is mesh.dat
mesh.dat

NX, NY, NZ

NZ

102
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AR mesh.dat (1/5)
1 O 2 O 5 0 13 1 1 1
2 1 3 0 6 0 14 2 1 1
3 2 4 0 7 0 15 3 1 1
4 3 0 0 8 0 16 14 1 1
5 0 6 1 9 0 17 1 2 1
6 5 7 2 10 0 18 2 2 1
7 6 8 3 11 0O 19 3 2 1
8 7 0 4 12 0 20 4 2 1
9 0 10 5 0 0 21 1 3 1

10 9 11 6 0 0 22 2 3 1

11 10 12 7 0 0 23 3 3 1

12 11 O 8 0 0 24 4 3 1

13 0 14 0 17 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2

16 156 0 0 20 4 0 4 1 2

17 0 18 13 21 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 O 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 0 9 0 1 3 2

22 21 23 18 O 10 O 2 3 2

23 22 24 19 0 11 O 3 3 2

24 23 0 20 O 12 O 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)” ) ii, (NEIBcell (i, k), k=1, 6), (XYZ(i,j), j=1, 3)
enddo



104

IR mesh.dat (2/5)
{ 0 2 0 5 013 1 1 f

2 1 3 0 6 014 2 1 1

3 2 4 0 7 015 3 1 1

4 3 0 0 8 0 16 4 1 1

5 0 6 1 9 017 1 2 1

6 5 7 2 10 0 18 2 2 1

7 6 8 311 019 3 2 1 N7

§ 7 0 4 12 02 4 2 1

9 01 5 0 0 21 1 3 1

10 9 11 6 0 0 22 2 3 1 NY
11 10 12 7 0 0 23 3 3 1 - .

2 11 0 8 0 0 24 4 3 1 NX

3 014 017 1 0 1 1 2

EEEE R

6 15 0 0 20 4 0 4 1 2 Number of meshes
17 018 13 21 5 0 1 2 2 in X/Y/Z directions
18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 0 3 2 2

20 19 0 16 24 8 0 4 2 2

20 02217 0 9 0 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 2419 0 11 0 3 3 2

24 23 0 2 012 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)” ) ii, (NEIBcell (i, k), k=1, 6), (XYZ(i,j), j=1, 3)
enddo
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RN mesh.dat (3/5)
1T 0 2 0 5 0 13 1 1 1

% ; Z 8 ? 8 }‘51 % } } Number of Meshes (Cells)
4 3 0 0 8 0 16 4 1 1 = NX X NY x NZ
5 0 6 1 9 0 17 1 2 1

6 5 7 2 10 0 18 2 2 1

/] 6 8 3 11 0 19 3 2 1

8 7 0 4 12 0 20 4 2 1

9 0 10 5 0 0 21 1T 3 1

10 9 11 6 0 0 22 2 3 1

11 10 12 7 0 0 23 3 3 1

12 11 0 8 0 0 24 4 3 1

13 0 14 0 17 1 0 1 1 2

14 13 15 0 18 2 0 2 1 2

15 14 16 0 19 3 0 3 1 2

16 15 0 0 20 4 0 4 1 2

17 0 18 13 20 5 0 1 2 2

18 17 19 14 22 6 0 2 2 2

19 18 20 15 23 7 O 3 2 2

20 19 0 16 24 8 0 4 2 2

21 0 22 17 O 9 O 1 3 2

22 21 23 18 0 10 0 2 3 2

23 22 24 19 O 11 0 3 3 2

24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21,’ (10i10)') ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)” ) ii, (NEIBcell (i, k), k=1, 6), (XYZ(i,j), j=1, 3)
enddo



4 3 2

24

1 0 2 0 5 013 1 1 1
2 1 3 0 6 014 2 1 1
3 2 4 0 7 015 3 1 1
4 3 0 0 8 0 16 4 1 1
5 0 6 1 9 0 17 1 2 1
6 5 7 2 10 0 18 2 2 1
7 6 8 3 11 019 3 2 1
§ 7 0 4 12 0 2 4 2 1
9 010 5 0 0 21 1 3 1 7
10 9 11 6 0 0 22 2 3 1 y
1110 12 7 0 0 23 3 3 1
211 0 8 0 0 24 4 3 1
3 014 017 1 0 1 1 2
14 13 15 0 18 2 0 2 1 2
5 14 16 019 3 0 3 1 2
6 15 0 020 4 0 4 1 2
17 018 13 21 5 0 1 2 2
18 17 19 14 22 6 0 2 2 2
19 18 20 15 23 7 0 3 2 2
20 19 0 16 24 8 0 4 2 2
20 02217 0 9 0 1 3 2
22 21 23 18 0 10 0 2 3 2
23 22 24 19 0 11 0 3 3 2
2023 020 012 0 4 3 2

read (21, (10i10)") NX , NY , NZ

J S L /L

mesh.dat (4/5)

13

14 16

1

23 4

read (21, (10i10)") ICELTOT
_ 1st Col.: Global ID of the Cell
do i= 1, ICELTOT

XYZ(i, j), j=1, 3)

read (21, “(10i10)" ) _ii, (NEIBcell(i, k), k=1, 6),
enddo
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NEIBcell: ID of Neighboring Mesh/Cell

=0: for Boundary Surface

NEIBcell[icel][3]

NEIBcell[icel][5] *

NEIBcell[icel][0] < =g NE|Bcell[icel][1]

/ i= XYZ[icel][0]

j= XYZ[icel][1], k= XYZ[icel][2]
NEIBcell[icel][2] * icel= K*NX*NY + j*NX + i

NEIBcell[icel][4] RIELLE (| (V) BTN

NEIBcell[icel][1]= icel + 1
NEIBcell[icel][2]= icel — NX
NEIBcell[icel][3]= icel + NX
NEIBcell[icel][4]= icel — NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




4 3 2
24

1 0 2 0 5 0 13 1 1 1
2 1 3 0 6 0 14 2 1 1
3 2 4 0 7 015 3 1 1
4 3 0 0 8 0 16 4 1 1
5 0 6 1 9 017 1 2 1
6 5 /7 2 10 0 18 2 2 1
/ 6 8 3 11 019 3 2 1
8 7 0 412 0 20 4 2 1
9 010 5 0 0 21 1 3 1
M 9 11 6 0 0 22 2 3 1
1M 10 12 7 0 0 23 3 3 1
12 11 0 8 0 0 24 4 3 1
13 0 14 017 1 0 1 1 2 V4
14 13 15 0 18 2 0 2 1 2
15 14 16 0 19 3 0 3 1 2
16 15 0 0 20 4 0 4 1 2
17 0 18 13 20 5 0 1 2 2
18 17 19 14 22 6 0 2 2 2
19 18 20 15 23 7 0 3 2 2
20 19 0 16 24 8 0 4 2 2
21 0 22 17 0 9 0 1 3 2
22 21 23 18 0 10 0 2 3 2
23 22 24 19 0 11 0 3 3 2
24 23 0 20 0 12 0 4 3 2

read (21, (10i10)") NX , NY , NZ
read (21, (10i10)") ICELTOT

do i= 1, ICELTOT
read (21, “(10i10)" ) ii, (NEIBcell (i, k), k=1, 6),
enddo

Jl S L L

mesh.dat (5/5)

Location in X,Y,Z-directions: XYZ(i,j)

13

14 16

2|3 |4

XYZ@, j), j=1, 3)
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NEIBcell: ID of Neighboring Mesh/Cell

=0: for Boundary Surface

NEIBcell[icel][3]

NEIBcell[icel][5] *

NEIBcell[icel][0] < =g NE|Bcell[icel][1]

/ i= XYZ[icel][0]

j= XYZ[icel][1], k= XYZ[icel][2]
NEIBcell[icel][2] * icel= K*NX*NY + j*NX + i

NEIBcell[icel][4] RIELLE (| (V) BTN

NEIBcell[icel][1]= icel + 1
y4 y NEIBcell[icel][2]= icel — NX
i NEIBcell[icel][3]= icel + NX
NEIBcell[icel][4]= icel — NX*NY + 1
X NEIBcell[icel][5]= icel + NX*NY + 1
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Running the Program
Control Data: <$P-L1>/run/INPUT.DAT

32 32 32 NX/NY/NZ
1 MEHOD 1:2
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
NX, NY, NZ
— Number of meshes in X/Y/Z dir.
METHOD —
— Preconditioner \z
AZ
DX, DY, DZ 7
. z y / - 2¥AY
— Size of meshes ‘ : ~—* NY AX
NX
EPSICCG X

— Convergence Criteria for ICCG
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Preconditioning Method

32 32 32 NX/NY/NZ
1 MEHOD 1:2
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
1.0e-08 EPSICCG
« METHOD=1 Incomplete Modified Cholesky Fact.
(Off-Diagonal Components unchanged)
« METHOD=2 Incomplete Modified Cholesky Fact.
(Fortran ONLY)
« METHOD=3 Diagonal Scaling/Point Jacobi
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JO055L0OZET
ATEZET, RAMLIE

$> cd <$P-L1>/run
$> ./L1-sol

$> Is test.inp
test.inp
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ParaView

o« J7AILERFK
¢« XIDFETR
o (A —UTFALILDRTE




BEXDIELE
=

R
=Ak
AR
Y E A
y:ki:d
=Ak
JNE{R
—REFR
2
=AR2
U £ 2.2
DY {2
A2
=HHE2
JNEA2

114

UCD Format (1/3)
Unstructured Cell Data

. # 2 mf 2
pt 0 0 1 0 2 1
line
= =2
tri 0 0
quad A A
I 2 2
tet o4 ‘“Eﬁiz
pyr 0
huh=2pii AR 2 2
prism 0 3 0_7 3
hex 4 6
‘ ‘ ‘1
! 2 I 5 2 12
line2 —am —gg 2 =i _ﬁﬁz
tri2 I I
quad?
7 9
tet2 n 3
pyr2 2 3 2 3 3 lo
prism2
hex2

114
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UCD Format (2/3)

* Originally for AVS, microAVS
« Extension of the UCD file Is “inp”

 There are two types of formats. Only old type can
be read by ParaView.
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UCD Format (3/3): Old Format

gﬁﬁ#—i&) (EERY) (BHRADT—4E) (BEROT—58) (ETILDOT—4

)
(E R ES1) (XEEAR) (YEELR) (ZEEAR)
(H RES2) (XEEAR) (YEELR) (ZEEAR)

(EXRES1) (MHES) (EROEE) (EREEAT SEH RO OEAY)
(ERES2) (MHES) (EROEE) (EREBATIHRDDOEAY)

(HROT—2RSE) (RS 1DEHE) (RI20BRE) - - -(FRSOERE)
(B R TR IDIRIL), (B
(BAT—ER32MD5R)L), (Bfi)

(BEIRT—2EZDINIL), (i)
(B REE1) (HRT—51) (BIRT—52) ==+
(HRES2) (HRT—2) (BiRT—452) -+

(BEEDT—EESE) (RS 1DEEE) (20 HRE) - - - (RS OHEME)
(BRT—IRS1DIN)L), (Bfi)
(BRT—EEP20D5)L), (Eii)

(BRERT—SHSDOINIL), (Bifi)
(BHRES1) (BRT—H) (BRT—52) -~
(BEREBEB2) (BRT M) (BRT—52)-----
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#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <errno.h>

#include “struct.h”
#include “pcg. h”

Structure of the Program

MAIN
main

#include “input.h “ ...

int
main ()

double *WK;

int NPL, NPU; ISET,

ITR, IER; icel, ic0, i;

double xN, xL, xU; Stime, Etime;

if (INPUT()) goto error;

if (POINTER_INIT()) goto error;

i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;

if (POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*ICELTOT) ;

ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

i f (METHOD==1) {

if(solve_ICCG(. .

.)) goto error;

} else if(METHOD==3) {
if(solve_PCG(...)) goto error;}

if (OUTUCD()) goto error;

return 0;
error:
return -1;

INPUT

control info.

POINTER_INIT

mesh info.

BOUNDARY CELL
boundary meshes

CELL_METRICS
area/volume

POI_GEN
matrix

SOLVER_1CCG
ICCG: METH=1
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SOLVER_PCG
PCG: METH=3




struct.h

#ifndef __H_STRUCT
#define __H_STRUCT

#include <omp.h>

int ICELTOT, ICELTOTp, N;

int NX, NY, NZ, NXP1, NYP1, NZP1, IBNODTOT;
int NXc, NYc, NZc;

double DX, DY, DZ, XAREA, YAREA, ZAREA;
double RDX, RDY, RDZ, RDX2, RDY2, RDZ2, R2DX, R2DY, R2DZ;
double *VOLCEL, *VOLNOD, #*RVC, *RVN;

int *kXYZ, *xNEIBcell;

int ZmaxCELtot;

int *BC_INDEX, *BC_NOD;

int *ZmaxGEL;

int #x]WKX;
double *xFCV;

int my_rank, PETOT, PEsmpTOT;
#tendif /* _H STRUCT */

ICELTOT:

Number of meshes (NX x NY x NZ)

N:

Number of modes

NX,NY,NZ:

Number of meshes in x/y/z directions

NXP1,NYP1,NZP1:

Number of nodes in x/y/z directions

IBNODTOT :
= NXP1 x NYP1

XYZ[ICELTOT][3]:

Location of meshes

NEIBcellJICELTOT][6]1:

Neighboring meshes
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pcg.h (1/5)

#ifndef __H PCG
#tdefine __ H _PCG
static int N2 = 256;
int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL;
int METHOD, ORDER_METHOD;
double EPSICCG;

double *D, *PHI, *BFORCE;
double *AL, x*AU;

int *INL, *INU, *COLORindex;
int *indexL, *indexU;
int *OLDtoNEW, *NEWtoOLD;
int *xIAL, *x]AU;
int *itemL, *itemU;
int NPL, NPU;

#tendif /* __H PCG */

e Sparse Matrix

e Only non-zero off-diagonal
components (CRS)

 Diagonal/Lower/Upper
components are stored separately
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pcg.h (2/5)

ftdefine __H_PCG Auxiliary Arrays
static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL;
int METHOD, ORI_)ER_METHOD: Lower Part (Co|umn |D)
double EPSICCG; IAL[i] [iCOU] < i

double *D, *PHI, *BFORCE;
double *AL, *AU;

int *xINL, *INU, *COLORindex; Upper Part (Column |D)
int *indexL, *indexU; 1AUT - > &
int *OLDtoNEW, *NEWtoOLD; [i1[icou] > i

int *xk[AL, **IAU;

int *itemL, *itemU;

int NPL, NPU;
#tendif /* __H PCG */

INL[ICELTOT] # Non-zero off-diag. components (lower)

IAL[ICELTOT][NL] Col. ID: non-zero off-diag. comp. (lower)

INU[ICELTOT] # Non-zero off-diag. components (upper) U
IAU[LICELTOT][NU] Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL[1CELTOT+1] # Non-zero off-diag. comp. (lower, CRS)

1ndexU[ICELTOT+1] # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL[NPL], itemU[NPU] Col. ID: non-zero off-diag. comp. (L/U, CRS)
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pcg.h (3/5)

ftdefine __H_PCG Auxiliary Arrays
static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL:
int METHOD, ORDER_METHOD: Lower Part (Column ID)

double EPSICCG; IAL[i][icou] < i

double *D, *PHI, *BFORCE; INL[1]: Number@each row
double *AL, *AU;

int *INL, *INU, *COLORindex; r Part (Column ID

int *indexL, *indexU; Up:‘)AeU - (- > -)

int *0LDtoNEW, *NEWtoOLD; [1][icou] > 1

int *xIAL, *xIAU; INUL1]: Number@each row

int *itemL, *itemU;
int NPL, NPU;
#tendif /* __H PCG */

INL[ICELTOT] # Non-zero off-diag. components (lower)

IAL[ICELTOT][NL] Col. ID: non-zero off-diag. comp. (lower)

INU[ICELTOT] # Non-zero off-diag. components (upper) U
IAU[LICELTOT] [NU] Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL[1CELTOT+1] # Non-zero off-diag. comp. (lower, CRS)

1ndexU[ICELTOT+1] # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL[NPL], itemU[NPU] Col. ID: non-zero off-diag. comp. (L/U, CRS)




pcg.h (4/5)

ftdefine __H_PCG Auxiliary Arrays
static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL:
int METHOD, ORDER_METHOD: Lower Part (Column ID)

double EPSICCG; IAL[i][icou] < i

double *D, *PHI, *BFORCE; INL[1]: Number@each row
double *AL, *AU;

int xINL, *INU, *COLORindex: Upper Part (Column ID

int *indexL, *indexU; p:)AU - (- > -)

int *0LDtoNEW, *NEWtoOLD; [1][icou] > 1

int *xIAL, *xIAU; INUL1]: Number@each row

int *itemL, *itemU;
int NPL, NPU;
#tendif /* __H PCG */

INL[ICELTOT] # Non-zero off-diag. components (lower)

IAL[ICELTOT][NL] Col. ID: non-zero off-diag. comp. (lower)

INU[ICELTOT] # Non-zero off-diag. components (upper) U
IAU[LICELTOT] [NU] Col. ID: non-zero off-diag. comp. (upper)

NU, NL Max # of L/U non-zero off-diag. comp.s (=6)

indexL[1ICELTOT+1] # Non-zero off-diag. comp. (lower, CRS)

1ndexU[ICELTOT+1] # Non-zero off-diag. comp. (upper, CRS) L

NPL, NPU Total # of L/U non-zero off-diag. comp.

itemL[NPL], itemU[NPU] Col. ID: non-zero off-diag. comp. (L/U, CRS)




#ifndef
#tdefine

pcg.h (5/5)

__H _PCG

__H_PCG

static int N2 = 256;

int NUmax, NLmax, NCOLORtot, NCOLORk, NU, NL;
int METHOD, ORDER_METHOD;

double EPSICCG;

double *D, *PHI, *BFORCE:;
double *AL, =*AU;

int *INL, *INU, *COLORindex;
int *indexL, *indexU;

int *OLDtoNEW, *NEWtoOLD;
int *xIAL, *x]AU;

int *itemL, *itemU;

int NPL, NPU;

#endif /* __H PCG */

METHOD Preconditioning method (=1, =2, =3)
EPSICCG Convergence criteria for ICCG
D [ICELTOT] Diagonal components of the matrix

PHI
BFORCE

[ICLETOT] Unknown vector
[ICELTOT] RHS vector

AL[NPL], AU[NPU] Non-zero off-diagonal L/U components of the

matrix (CRS)

124



Variables/Arrays for Matrix

Name Type Content
DIN] R | Diagonal components of the matrix (N= ICELTOT)
BFORCE[N] R | RHS vector
PHI[N] R | Unknown vector
indexL[N+1] I Number of Lower non-zero off-diag. comp. (CRS)
indexU[N+1] I | Number of Upper non-zero off-diag. comp. (CRS)
NPL I | Total number of Lower non-zero off-diag. comp. (CRS)
NPU I | Total number of Upper non-zero off-diag. comp. (CRS)
1temL[NPL] I | Column ID of Lower non-zero off-diag. comp. (CRS)
1temU[NPU] I | Column ID of Upper non-zero off-diag. comp. (CRS)
AL[NPL] R | Lower non-zero off-diag. comp. (CRS)
AU[NPU] R | Upper non-zero off-diag. comp. (CRS)
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Variables/Arrays for Matrix
Auxiliary Arrays

Name Type Content

NL,NU I | MAX. number of Lower/Upper non-zero off-diag. comp.
for each mesh (=6 in this case)

INL[N] I Number of Lower non-zero off-diag. comp.
INU[N] I | Number of Upper non-zero off-diag. comp.
IAL[N][NL] I | Column ID of Lower non-zero off-diag. comp.
1AU[N][NU] I | Column ID of Uppwer non-zero off-diag. comp.

1 BNEC S Z {5

1) NPL, NPUDIEABILLTHH B 725 LY
@ ®IBOBUEZ (ordering, reordering) M& =
CRSFexX TlE XY [Z< LY




Mat-Vec Multiplication: {g}=[A{|p}

for (i=0; i<N; i++) {
qlil= DIl * p[i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
qli] +=AL[] * p[itemL[j]-1];
}
for (j=indexU[i]; j<indexU[i+1]; j++) {
qli] +=AU[j] * plitemU[j]-1];
}
}

In this program numbering in itemL, itemU starts from
“1” (not 0)
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Structure of the Program

#include <stdio.h>
#include <stdlib.h>
#include <string.h>

INPUT
#include <errno. h> MAIN .
main control info.
#include “struct.h”

#include “pcg. h”
#include “input.h “ ... POINTER_INIT

int mesh info.
main ()

double *WK;

{ BOUNDARY CELL
int NPL, NPU; ISET, ITR, IER; icel, icO, i; boundary meshes
double xN, xL, xU; Stime, Etime;
if (INPUT()) goto error; CELL METRICS
if (POINTER_INIT()) goto error; -

i f (BOUNDARY_CELL ()) goto error; area/volume

i f (CELL_METRICS()) goto error;
if (POI_GEN()) goto error;

POI_GEN
memset (PHI, 0.0, sizeof (double)*ICELTOT) ; Tnai“x_n, |

[SET = 0; SR
WK = (double *)malloc (sizeof (double)*ICELTOT) ;

SOLVER_1CCG
i f (METHOD==1) { ' }

if(solve_ICCG(...)) goto error; ICCG: METH=1
} else if (METHOD==3) {
if(solve_PCG(...)) goto error;}

if (OUTUCD()) goto error;
return 0;
error:

return -1; SOLVER_PCG
PCG: METH=3




iInput: reading “INPUT.DAT”

#include <stdio. h>; <stdl|b h>; <str|ng h>: <errno. h>
#include “struct_ext.h “; “pcg_ext.h “; “input. h”

extern int
INPUT (void)

#tdefine BUF_SIZE 1024
char |ine[BUF_ SIZE]
char CNTFIL[8T];
double OMEGA;
FILE *fpi11;

if ((fp11 = fopen ("INPUT.DAT”, “r”)) == NULL) {
fp£|ntf(?tderr “Error: Y%s¥n” strerror(errno)):
return

fgetsgl|ne, BUF_SIZE 1); sscanf(line, "%d%dhd” &NX &NY, &NZ):
fgets(line, BUF_SIZE, 1) sscanf(line, “%d”, &METHOD) :
fgets(line, BUF_SIZE, fpl11); sscanf(line, ”%Ie%le%le . &DX, &DY, &D7);
fgets I|ne, BUF_SIZE 1); sscanf(line, “%le”, &EPSICCG) ;
fgets(line, BUF_SIZE 1);

fclose (fp11) ;
return 0;

32 32 32 NX/ZNY/NZ
1 MEHOD 1-3
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ

1.0e-08 EPSICCG
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pointer_init (1/3): “mesh.dat”

#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

#include “struct_ext.h”
#include “pcg_ext.h”
#include “pointer_init.h”
#include “allocate. h”

extern int
?OINTER_INIT(void)

int icel, ipe, i, J, k;
/%
* [NIT.
*/

ICELTOT = NX * NY = NZ;

NEIBcell =
(int **)allocate_matrix(sizeof (int), ICELTOT, 6) ;

XYZ =
(int **)allocate_matrix(sizeof (int), ICELTOT, 3) ;

NX,NY,NZ:

Number of meshes in x/y/z directions

NXP1,NYP1,NZP1:

Number of nodes in x/y/z directions
(for visualization)

ICELTOT:

Number of meshes (NX X NY x NZ)

XYZ[ICELTOT][3]:

Location of meshes

NEIBcellI[ICELTOT][6]:

Neighboring meshesc

allocate/deallocate




for (k=0; k<NZ; k++) {
for (j=0; j<NY; j++) {

J
J
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pointer_init (2/3): “mesh.dat”

for (i=0;

J

icel =k % NX *x NY + j * NX + i;
NEIBcel I [icel] [0]
NEIBcel I [icel][1]
NEIBcel I [icel][2]
NEIBcel I [icel] [3]
NEIBcel I [icel] [4]
NEchellggcel][S]

i (i
i (i
iT(J
if(Jj
i f(k

i<KNX; i++) |

== 0)
== 0)

“icel” s
12 | 13
81 9|10 11
4 | 5|6 |7
O 1|23

NEIBcell[icel
== NX-1) NEIBcell[icel
NEIBcell[icel
== NY-1) NEIBcell[icel]
NEIBcel I [icel]
if(k == NZ-1) NEIBcell[icel]

XYZ[icel][0]
XYZ[icel][1]
XYZ[icel][2]

+ + +

— ) —

il
j
k

icel — 1
icel + 1

icel -

NX

icel + NX

icel -
icel + N

NX
]
]
]

X
[0
[1
[2
[3
[4
[5

Il ==
==

OO OOO

T+ + 4+

9110|1112
S| 6|78
11234

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0 =g NEIBcell[icel][1]

z) y NEIBcell[icel][2]
Z, NEIBcell[icel][4]

X

— ek ok ek ok ok

i= XYZ[icel][0]
j= XYZ[icel][1], k= XYZ[icel][2]
icel= K*NX*NY + j*NX + i

tarts at 0 | “NEIBcell” starts at 1 | NEIBcell[icel][0]= icel — 1
14| 15 1314|1516

NEIBcell[icel][1]= icel + 1
NEIBcell[icel][2]= icel — NX
NEIBcell[icel][3]= icel + NX
NEIBcell[icel][4]= icel — NX*NY + 1
NEIBcell[icel][5]= icel + NX*NY + 1




pointer_init (3/3): “mesh.dat”

if(DX <= 0.0) {
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ = 1.0 / (double)NZ;

}

NXP1 = NX + 1

NYPT = NY + 1

NZP1 = NZ + 1

IBNODTOT = NXP1 * NYP1;

N = NXP1 * NYP1 * NZPT1;

return 0;

If DX is no larger than 0.0
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pointer_init (3/3): “mesh.dat”

if(DX <=

0.0) {
DX = 1.0 / (double)NX;
DY = 1.0 / (double)NY;
DZ = 1.0 / (double)NZ;
J
NXP1 = NX + 1;
NYP1 = NY + 1;
NZP1 = NZ + 1;

IBNODTOT = NXP1 * NYP1;

N = NXP1 * NYP1 * NZP1;

return 0;

Vs
o

NXP1,NYP1,NZP1:

Number of nodes in x/y/z
directions

IBNODTOT:
= NXP1 x NYP1

N:
Number of modes
meshes (for visualization)



#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <errno. h>

#include “struct_ext. h”

134

boundary_cell

Meshes @ Z=Z7,_,

#include “boundary_cell.h” Number: ZmaxCELtot
#include “allocate. h Mesh ID: ZmaxCEL[ ]
extern int
?OUNDARY_CELL(VOid)
int [FACTOT;
int icou, icel, i, J, k;
IFACTOT = NX * NY;
/maxCELtot = IFACTOT; 7
/maxCEL =
(int x)allocate_vector (sizeof (int), ZmaxCELtot) ;
2%
- ' X
for (j=0; j<NY; j++) {
for (i=0; i<NX; i++) { /Fkkokkd kKRR AR KF AR K KKK
icel = k*kIFACTOT + j*NX + i+1; al locate vector allocate. ¢
ZmaxCEL[icou] = icel; sxRRkR kR RRRRRRk kR kKKK
Icou++, voidx allocate_vector (int size, int m)
} v0|d *a;
f ( (La=(void * )malloc( m * size ) ) == NULL ) |
) fprlntf(stdout “Error :Memory does not enough' In vector ¥n”);
return 0; exit(1);

J

return a;



135
#include <stdio.h> ...

extern int Ce”_m etrICS

CELL_METRICS (void)

{ double VO, RVO; )
oo M Parameters for Computations
éeguble*)alIocate_vector(sizeof(double),ICELTOT);
(double;)alIocate_vector(sizeof(double),ICELTOT);
XAREA
XAREA = DY * DZ; Vz
YAREA = DZ * DX; &
ZAREA = DX * DY; DZ
RDX = 1.0 / DX;
RDY = 1.0 / DY; DY
RDZ = 1.0 / DZ;
2 DX

RDX2 = 1.0 / (pow(DX, 2.0)); y
RDY2 = 1.0 / (pow(DY, 2.0));
RDZ2 = 1.0 / (pow(DZ, 2.0)); ”
AT

= 1. .ok - _ _
RDZ = 1.0 / (0.5 * DZ) - XAREA=AY xAZ, YAREA=AZ x AX,
VO = DX * DY  DZ: ZAREA=AX < AY
RVO = 1.0 / VO; . . .
for (i=0; i<ICELTOT; i++) | RDX =——, RDY=—, RDZ=—

VOLCEL[i] = VO; AX AY AZ

RVCLi] = RVO;

return 0; }



#include <stdio.h> ..

extern int

CELL_METRICS (void)

{ double VO, RVO;
int i;

VOLCEL =

(doublex)al locate vector (sizeof (double), ICELTOT) ;

RVC =

(doublex)al locate vector (sizeof (double), ICELTOT) ;

XAREA = DY * DZ;
YAREA = DZ * DX;
ZAREA = DX * DY;

RDX = 1.0 / DX;
RDY = 1.0 / DY,
RDZ = 1.0 / DZ;
RDX2 = 1.0 / (pow (DX, 2.0));
RDY2 = 1.0 / (pow(DY, 2.0)):
RDZ2 = 1.0 / (pow(DZ, 2.0))
R2DX = 1.0 / (0.5 * DX) ;
R2DY = 1.0 / (0.5 * DY) ;
R2DZ = 1.0 / (0.5 * D2) ;
VO = DX * DY * DZ;
RVO = 1.0 / VO,
for (i=0; i<ICELTOT; i++) {
VOLCEL[i] = VO;
RVCLi] = RVO;
return 0; }

DZ

RDX?2 =

R2DX =

R2DZ =

136

cell metrics

Parameters for Computations

XAREA
’/
DY
DX
12, RDY 2= 12, RDZ2 = 12
AX AY AZ
——;L——, R2DY = 1 ,
0.5x AX 0.5x AY

0.5xAZ
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#include <stdio.h> ..

extern int Ce”_m etrICS

CELL_METRICS (void)
{ double VO, RVO;

voLeeL 2 Parameters for Computations
(dguble*)allocate _vector (sizeof (double), [CELTOT) ;
(doublex)al locate_vector (sizeof (double), ICELTOT) ;
XAREA
XAREA = DY x DZ; L
YAREA = DZ * DX; A
ZAREA = DX * DY; D7
RDX = 1.0 / DX;
RDY = 1.0 / DY, DY
RDZ = 1.0 / DZ;
5 DX
RDX2 = 1.0 / (pow(DX, 2.0)); y
RDY2 = 1.0 / (pow (DY, 2. 0)):
RDZ2 = 1.0 / (pow(DZ, 2.0)); X
R2DX = 1.0 / (0.5 % DX);
R2DY = 1.0 / (0.5 % DY) ;
R2DZ = 1.0 / (0.5 % D2) ;
VO = DX * DY * DZ; VOLCEL =VO=AX XAY XAZ
RVO = 1.0 / VO; .
for (i=0; i<ICELTOT; i++) | RVO=RVC =————
VOLCELLi] = VO; VOLCEL
RVCLil = RVO;

return 0; }



#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <errno.h>

#include “struct.h”
#include “pcg. h”

Structure of the Program

MAIN
main

#include “input.h “ ...

int
main ()

double *WK;

int NPL, NPU; ISET,
double xN, xL, xU;

ITR, IER; icel, ic0, i;
Stime, Etime;

if (INPUT()) goto error;

if (POINTER_INIT()) goto error;

i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;

if(POI_GEN()) goto error;

memset (PHI, 0.0, sizeof (double)*ICELTOT) ;

ISET = 0;

WK = (double *)malloc (sizeof (double)*ICELTOT) ;

i f (METHOD==1) {

if(solve_ICCG(. .

.)) goto error;

} else if(METHOD==3) {
if(solve_PCG(...)) goto error;}

if (OUTUCD()) goto error;

return 0;
error:
return -1;

INPUT

control info.

POINTER_INIT

mesh info.

BOUNDARY CELL
boundary meshes

CELL_METRICS
area/volume

POI_GEN

matrix

SOLVER_1CCG
ICCG: METH=1
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SOLVER_PCG
PCG: METH=3




#include “allocate. h” 139

extern int 1/7
o pol_gen (1/7)
{ int nn; —

int icO, icN1, icN2, icN3, icN4, icN5, icN6;

int i, j, k, ib, ic, ip, icel, icou, icol, icouG;

int i1, jj, kk, nn1, num, nr, jO, j1;

double coef, VOLO, S1t, E1t;

int isL, ieL, isU, ieU;

NL=6; NU= 6;
IAL = (int

*x)al locate_matrix(sizeof (int), ICELTOT, NL) ;
IAU = (int

*x)al locate_matrix(sizeof (int), ICELTOT, NU) ;
BFORCE = (double
%) al locate_vector (sizeof (double), ICELTOT) ;
D = (double
%) al locate_vector (sizeof (double), ICELTOT) ;
PHI = (double
%) al locate_vector (sizeof (double), ICELTOT) ;
INL = (int x)allocate_vector (sizeof (int), ICELTOT) ;
INU = (int x)allocate_vector (sizeof (int), ICELTOT) ;

BFORCE[i1=0.0; Bl — y allocate. ¢
HER o 0 =0 Voidws allocete matr (K(nt. size, nt m,nt 1
for (j=0; j<6; j++) { : :
IALTIT01=0; 1AULITLj1=0;  (oidi™™
if ( ( aa=(void ** )malloc( m * sizeof (void¥) ) ) == NULL ) {
# (= 0: i <CICELTOT : i+4) | fpr{q?{(stdout,”Error:Memory does not enough! aa in matrix ¥n”);
or (I =0, I <= N exl ;

indexL[i] = 0; indexU[i] = 0; } , ,
if ( (aa[0]=(void * )malloc( m * n * size ) ) == NULL ) {
fprintf (stdout, “Error :Memory does not enough! in matrix ¥n”);

exit(1);

for (i=1;i<m; i++) aal[i]=(charx)aali-1]+size*n;
return aa,



Variables/Arrays for Matrix

140

Name Type Content
DIN] R | Diagonal components of the matrix (N= ICELTOT)
BFORCE[N] R | RHS vector
PHI[N] R | Unknown vector
indexL[N+1] I | # of L/U non-zero off-diag. comp. (CRS)
indexU[N+1]
NPL, NPU I | Total # of L/U non-zero off-diag. comp. (CRS)
1temL[NPL] I | Column ID of L/U non-zero off-diag. comp. (CRS)
1temU[NPU]
AL[NPL] R | L/U non-zero off-diag. comp. (CRS)
AU[NPU]

Name Type Content
NL,NU I MAX. # of L/U non-zero off-diag. comp. for each mesh (=6)
INL[N] I | # of L/U non-zero off-diag. comp.
INU[N]
IAL[N]INL] I | Column ID of L/U non-zero off-diag. comp.

IAU[N]T[NU]




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcel | [icel][0];
icN2 = NEIBcel | [icel][1];
icN3 = NEIBcel I [icel][2];
icN4 = NEIBcel | [icel][3];
icN5 = NEIBcel | [icel][4];
icN6 = NEIBcel | [icel][5];

if(icN5 1= 0) {
icou = INL[icel] + 1;

IAL[icel][icou-1] = icN5;

INL[icel]

if(icN3 1= 0) {
icou = INL[icel] + 1;

IAL[icel][icou-1] = icN3;

INL[icel] icou;
if(icN1 1=0) {

icou = INL[icel] + 1;

IAL[icel]l[icou-1] = icN3;

INL[icel] = icou;

Icou,

141

poi_gen (2/7)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

z) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Lower Triangular Part
NEIBcell[icel][4]= icel = NX*NY + 1

NEIBcell[icel][2]= icel — NX +1
NEIBcell[icel][0]= icel - 1 +1

1211314 |15 131141516
8|9 10 11 9110|1112
4 | 516 |7 5| 6|78

01|23 11234




for (icel=0; icel<ICELTOT; icel++) {

icN1 = NEIBcel | [icel][0];
icN2 = NEIBcel | [icel][1];
icN3 = NEIBcel | [icel][2];
icN4 = NEIBcel | [icel][3];
icN5 = NEIBcel | [icel] [4];
icN6 = NEIBcel | [icel][5];

if(icN2 1= 0) {
icou = INULicel] + 1;

IAU[icel][icou-1] = icN2;

INU[icel] = jcou;
if(icNd 1=0) {

icou = INU[icel] + 1;

IAU[icel][icou-1] = icN4;

INU[icel] = jcou;
if(icN6 1= 0) {

icou = INU[icel] + 1;

IAU[icel][icou-1] = icN6;

INU[icel] = jcou;
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poi_gen (3/7)

NEIBcell[icel][5]

NEIBcell[icel][3]

NEIBcell[icel][0]

z) y NEIBcell[icel][2]
M, NEIBcell[icel][4]

X

NEIBcell[icel][1]

Upper Triangular Part
NEIBcell[icel][1]=icel + 1 +1

NEIBcell[icel][3]= icel + NX +1
NEIBcell[icel][5]= icel + NX*NY + 1

“icel” starts at 0 @ “IAU” starts at 1

1213|114 |15 131141516
8|19 (10|11 9110|1112
415|167 5| 6|78

O|1]|2]3 11234




indexL =

(int *)allocate_vector (sizeof (int), ICELTOT+1) ;

indexU =

(int *)allocate_vector (sizeof (int), ICELTOT+1) ;

for (i=0; i<ICELTOT; i++){
indexL[i+1]=indexL[i]+INL[i];
indexULi+1]=indexU[i]+INU[i];

}
NPL = indexL[ICELTOT];
NPU = indexU[ICELTOT];

itemL = (int *)allocate vector (sizeof (int), NPL) ;
AEemU = (int *)al locate_vector (sizeof (int), NPU) ;
gﬂouble *) al locate_vector (sizeof (double), NPL) ;
(double *)allocate_vector (sizeof (double), NPU) ;

memset (itemL, 0, sizeof (int)*NPL);
memset (itemU, 0, sizeof (int)*NPU);
memset (AL, 0.0, sizeof (double)*NPL) ;
memset (AU, 0.0, sizeof (double)*NPU) ;

for (i=0; i<ICELTOT; i++){

for (k=0;k<INLLi];k++) {

kk= k + indexL[i];
itemL[kk]l= IAL[i][k]l;

poi_gen (4/7)
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Name Type Content
DIN] R | Diagonal components of the matrix (N= ICELTOT)
BFORCE[N] R | RHS vector
PHIN] R | Unknown vector
indexL[N+1] I | # of L/U non-zero off-diag. comp. (CRS)
indexU[N+1]
NPL, NPU Total # of L/U non-zero off-diag. comp. (CRS)
itemL[NPL] I | Column ID of L/U non-zero off-diag. comp. (CRS)
itemU[NPU]
AL[NPL] R | L/U non-zero off-diag. comp. (CRS)
AU[NPU]

“itemL” ”itemU”
start at 1

}
for (k=0;k<INULi];k++) {
kk= k + indexU[i];

itemU[kk]= TAU[i][k];

| 9 1101112
free (INL) ; free (INU) ; S| 6 8
free (IAL) ; free (IAU);

1] 2 4

for (i=0; i<N; i++) {
qli]= D[] * plif;
for (jJ=indexL][i]; j<indexL[i+1]; j++) {
qli] += AL[j] * p[itemL[j]-1];
}
for (j=indexUl[i]; j<indexU[i+1]; j++) {
qli] += AU[j] * plitemU[j]-1];
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Finite Volume Method (FVM)

Conservation of Fluxes through Surfaces

Diffusion:
Interaction with Neighbors

Sm _ Y
Do (d—4)+viQ =0

. Qi T 0

Volume Flux

- Volume

- Surface Area

. Distance between
Cell-Center &
Surface

Q - Volume Flux

o<

ij
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Constructing Coefficient Matrix
Conservation for I-th mesh

Sik . \
Do (h—4)+VviQ =0

. Qi 70

Si S, .
"‘Zd Id ¢k_zd d_¢i:_ViQi

k Ui T Uy k Ui Ty

dlk +dk| :|¢| +|: :| 'Qi
AL, AU BFORCE
(off-diag.) (RHS)
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ELTOT;

C icel++) |
:[lcel]

I

I

I

I

|

I poi_gen (5/7)

— — — — — — —]

VOLO = VOLCEL [i
isL =indexL[ice ieL =indexL[icel+1];

isU =indexU[icel ieU =indexU[icel+1]; Ca|CU|atiOn Of COEfﬁCientS

if(icN5 1= 0) { N
coef = RDZ * ZAREA; ® °
Dlicel] —= coef; ’
for (j=isL; j<ielL; j++) {

if(itemL[j] == icNb) { DY
AL[j] = coef; i
break;} Y

— O i

}

if(icN3 1= 0) {

8?¢f T]RDY * Y?REA: v
icel] —= coef;

for (j=isL; j<ieL: j++) { ® ® ®
if(itemL[j] == icN3) { S
AL[j] = coef;

break;}

]
]
if(icN1 1= 0
| é(l)gf = RDX)*{XAREA; e ¢' ——— Ay +—

Dlicel] —= coef; AX

for (j=isL; j<ieL; j++) {

|f(AE%m%[J] ==f!cN1) { 96 ¢2 96 92
= coeT,
Ly ; N A AX+ 2TV AX+ f AXAY =0

Ay Ay

b =bs
AX
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in 3D

NEIBcell[icel][5] if(icNb 1= 0) |
NEIBcell[icel][3] coef = RDZ * ZAREA:
Dlicel] —= coef;
for (j=isL; j<ieL; j++) {
NEIBcell[icel][0] NEIBcell[icel][1] |f(|temL[J] —— ICN5) {
AL[j] = coef;
break;
Z) y NEIBcell[icel][2] ]
/ NEIBcell[icel][4] ]
X }
¢neib[ice|][0] _¢icel AyAZ n ¢neib[icel][1] _¢icel AyAZ n

¢neib[icel][2] ~ P AZAX + ¢”eib[ice'][3] ~ Y AZAX +
Ay Ay

¢neib[icel][4] o ¢icel AXAy n ¢neib[icel][5] _ ¢ice| AXAy + ficel
A7 AZ

AXAYAz =0
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ifGioN2 1=0) { ' ( )
ot 8 poi_gen (6/7
for (j=isU; j<ieU; j++) {

i f(itemU[j] == icN2) {

ﬁU[J% I coef;
rea
] i ..
} Calculation of Coefficients
if(icN4 1= 0) {
coef = RDY * YAREA; N
Dlicel] —= coef; o ’ o
for (j=isU; j<ieU; j++) {
if(itemU[j] = icN4) { .
AU[_i] = coef; ) DY
break:} o Iy o
} W DX l DX E
if(icN6 1= 0) {
coef = RDZ * ZAREA; Y DY
Dlicel] —= coef; ® o o
for (j=isU; j<ieU; j++) { S
i f(itemU[j] == icN6) {
AULj] = coef;
| break;}
}
ii = XYZ[icel][0] ¢ ¢I Ay+ % ¢I Ay+
i = ice ;
2 Saheeth M M
= ice
BFORCE[icel]= - (double) (ii+]j+kk) * MAX+ fs =9 AX + f AXAy =0

VOLCELTicelT: Ay Ay



if(icN2 1= 0) {
coef = RDX * XAREA;
D[icel] —= coef;
for (j=isU; j<ieU; j++) {
if(itemU[j] == icN2) {
AULj] = coef;
break;}

}
}
if(icNd 1= 0) {
coef = RDY * YAREA;
D[icel] —= coef;
for (j=isU; j<ieU; j++) {
if(itemU[j] == icN4) {
AULj] = coef;
break;}

}
}
if(icN6 1= 0) {
coef = RDZ * ZAREA;
D[icel] —= coef;
for (j=isU; j<ieU; j++) {
if(itemU[j] == icN6) {
AULj] = coef;
break;}

J
J
ii = XYZ[icel][0]:
jj = XYZ[icel][1]:
kk = XYZ[icel]l[2]:

BFORGE[icel]= —(double) (ii+]j+kk) *
VOLCEL[icel]:

poi_gen (6/7)

f =dfloat(i, + J, +Kk,)
I, = XYZ[icel][O],
Jo = XYZ[icel][1],
k, = XYZ]icel][2]

XYZ[icel][k] (k=0,1,2)

Index for location of finite-
difference mesh in X-/Y-/Z-
axis.
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/% TOP SURFACE */ pOI_gen (7/7)

for (ib=0; ib<ZmaxCELtot; ib++) {

oot = 2.0 < ROZ + ZARE: Calculation of Coefficients
p DHeetTH = ooel: on Boundary Surface @ Z=Z,,.,
o reumo, T, ; :_%

DZ

o o o
0=

o ® o

o [ o

15t Order Approximation:

Mirror Image according to Z=Z,, surface.
d=-¢, at the center of the (virtual) mesh
»=0@2Z=2,,,, surface
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Dirichlet B.C.

Sik _ y
> (A —4)+ViQ =0

Ui Ty

S, S .

— ! .+ ! = —V .
|:Zk: dik +dki :|¢I |:Zk: dik +dki ¢k:| IQI
AL, AU | BFORCE

(off-diag.) (RHS)




Dirichlet B.C.

D (diagonal)

N
o
—DpZ k
Q= I>+ @
)X r DX E
| o P2
@ O S O
Sik Sik
.+
dik +dki }ﬁ {; dik +dki ¢k

ik T

Sik

Ki

dik

}

_|_

¢N _¢i

it

AZ

Sik _ ) —
> (A —4)+ViQ =0

k ik

AL, AU

(off-diag.)

Sik
Zd +d 2

Ki

}:

BFORCE
(RHS)

AXAY = _ViQi’ Dy =

-V, Qi

~9,
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Dirichlet B.C.

1

2

k

ik T

Sik

Ki

d, +

D (diagonal)

_|_

Py

it

—
AZ

AZ

2

k

(off-diag.)

Sik _ y
> (A —4)+ViQ =0

k

AL, AU

AXAY = _ViQi N

L2078 Ay - -V.Q

S.
d ik ¢k:|
ik + dki

-V, Qi

153

BFORCE

(RHS)

~9,
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Dirichlet B.C.

N Sik _ ) —
' ‘ DZE Zk:dik +d, (¢k ¢i)+ViQi =0
Iy
Q= > @
W ox r px E { g } { S } .
- |4 + —ad [=-VQ
PY i ;Z ® ;dik+dki ;dik_l_dki

D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)

. Sik Sik _2¢I . :
{Zk:d“dki}b‘{zd +d, ‘bk} Ny A=

k ik



Dirichlet B.C.

b

2

k

{Z

k

k ik

- Sk _ AXAY
d, +d, Az

N

ik T

Sik

Ki

d, +

Sik
23 d. ‘bk}

k

-2,

AZ

it

D (diagonal)

ik

Sik
Z d +d

)
T Uy

Sik _ y
> (A —4)+ViQ =0

k ik

AL, AU

(off-diag.)

AXAY = +V,Q,

+=-V,Q,

Sik
Zd +d 2

Ki

BFORCE
(RHS)

-V, Qi

155
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Dirichlet B.C.

H Zd Sikd (4 —¢)+V.Q =0

—DZ] . ik T 0y

V
)X r DX E Sik Sik o
i _{Z d +dy }¢I+{Z d +d ¢k}_ viQ

° K K
S
D (diagonal) AL, AU BFORCE
(off-diag.) (RHS)
- for (ib=0; ib<ZmaxCELtot; ib++) {

Si Si icel = ZmaxCEL[ib];
1 ad g, + Zd x D coef = 2.0 % RDZ * ZAREA:

ik T Uy < Qe T0G D[icel-1] —= coef;

Sik 2 o0 |
O A, DAY ' +=-V.Q




Structure of the Program

#include <stdio.h>
#include <stdlib.h>

INPUT

control info.

POINTER_INIT

mesh info.

BOUNDARY_CELL

boundary meshes

CELL_METRICS

area/volume

POI_GEN

matrix

#include <string.h>
#include <errno.h> MAIN
main
#include “struct.h”
#include “pcg. h”
#include “input.h “ ..
int
main ()
double *WK;
int NPL, NPU; ISET, ITR, IER; icel, icO, i;
double xN, xL, xU; Stime, Etime;
if (INPUT()) goto error;
if (POINTER_INIT()) goto error;
i f (BOUNDARY_CELL ()) goto error;
i f (CELL_METRICS()) goto error;
if (POI_GEN()) goto error;
T§E$et(gﬂl, 0.0, sizeof (double)*ICELTOT) ;
WK = zdoﬂble *x)mal loc (sizeof (double)*ICELTOT) ;
i f (METHOD==1) {
if(solve_ICCG(...)) goto error;
} else if (METHOD==3) {
if(solve_PCG(...)) goto error;}
if(OUTUgD()) goto error; Fortan
return 0;
error: ONLY
return -1;

SOLVER_1CCG
ICCG: METH=1

SOLVER_PCG
PCG: METH=3
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C1=a=}
* BER

- ARIFIEE
— B RIEE

o ICCGEIZEKART7VYUARRIEZVIL/N—IZDUNT
— ETAHE

. TAatEE

— 70535, MDEREA
. WML
. BETRIIRER
 ICCG%

e OpenMP
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HEITREAERZTHEITIERL

« H % A)ER% (Conjugate Gradient, CG)

« HIALIE

— AEEIL R F—5f# (Incomplete Cholesky
Factorization, IC)

- RIAZEMEE QAL AT —7

e |ICCG
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BIEaAL X X—5f#

o« XIMTHIADLUS \ﬁq:
o MIITHIAIX, HAFTHDZEFIALT, [Al=[L][D]L]T
DPSSYAG AN \ﬂfF-d—é;t?b\—C%é

— CONREELDLTHFEE-IXEEIL XX —5#E (modified
Cholesky decomposition) &FE 51,

— [A]= [LIL]TET B &5 nfEiETH S (AL R —5fE)

N=5MD 155 DAl

ay &, &3 8y s _|11 0 0 0 0] _dl 0 0 0 0 _|11 YRR PR PP
Ay 8yp dy3 8y Ay l, I, 0 0 00 d, 0 0 010 1L, Iy I, I
&y 8y 8y By A |=[ly lp 1 0 0p0 0 d; 0O 00 0 I Iy Iy
Ay 8y Q3 8y g ly lp 1 1y OO 0 0 d, OO0 0 0 I, I
d5; 85 d53 85 g _|51 s, 1 sy s L 0 0 0 0 dg AL 0 0 0 5 i
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OMP-1

EEOL R T—

)

(J :1121"

'dk’ljk =

s

1 ETHEUTHEINSD

Iik 'dk ‘Iik = Qy

.,n

1=12,--
~

T Iii’di
/

| S—



4, A, a, &, ag| [ 0
Ay By Ay Ay Ay I21 |22
A3 8y Ay Ay Ay [T |31 Isz
Ay Ay 3 8y A |41 I42
|85 85 853 85 8 _|51 |52
l, 0 0 O O]|d-l, d-
l, I, 0 0 O 0 d,-
l, 1, 1, 0 O 0
|41 |42 |43 |44 0 0
_|51 |52 |53 |54 |55__ 0
I11 ’ dl ’ I11 I11 ’ d1 ’ I21
|21'd1 |11 |21'd1'|21+|22'd2'|22
|31'd1 |11 |31'd1'|21+|32'd2'|22
Ay A
A5 a5,

0 0 0fd, 0 0 O
0 0 0[O0 d, 0 ©
l, 0 0[O0 0 d, O
l, I, 0[O0 0 0 d,
ly 1y lsO 0 0 0
| 1 la 14 1 51_

N

~
(¢
>

I
@

O O O O o
w

—_— e e o
@

(8]

Ill.dl ’ |31
|21 'd1'|31 +|22 ‘dz '|32
lyy - dy gy + gy -dy -1y, 415 -dy - g
A3
53

0 “|11 |, |31 |y |51_
00 I |32 1, |52
010 0 |33 |43 |53
0jo0 o L, L,
d; 0 0 0 lys
I11'd1'|41

|21'd1‘|41 + |22 'dz ’ |42
lyy -y Ly +1pp - dy 1y +1a5-d5 -
Ay
sy

Ill.dl ’ |51
|21 'dl ’ |51 +|22 ‘dz ‘|52
|y -y ey + 1y - dy gy + 155 -dy -
Ays
55




OMP-1

CCT l;-d, =1 ETBREUTHEMMNSD

~
1=12,---,n
1Er " XERIZIK, T[RRI 5 M
o _ FERIEL, COK5%HER
j=12,-,i-1 e
-1
i =a; =) li-d-ly = hy =3,
k=1
i—1 , -
1
d, :Laﬁ _Zlik 'dkj =1
k=1
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Running the Program
<$P-L1>/run/INPUT.DAT

32 32 32 NX/NY/NZ
1 MEHOD 1:2:3
1.00e-00 1.00e-00 1.00e-00 DX/DY/DZ
0.10 1.0e-08 OMEGA, EPSICCG
« METHOD: Preconditioning =12
Method j=12,i-1
1. Incomplete Modified Cholesky ‘ Iy =2, =) L1y,
Fact. (Off-Diagonal —=—
Components unchanged) d:[a”—;nk 'dk] =l

2. Incomplete Modified Cholesky
Fact.(Fortran ONLY)

3. Diagonal Scaling/Point Jacobi
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FPEEEEIL AT —NE

(J=12,---,i-1)

Mh.

Iik'dk'ljk :aij

=~

=1
i

Iik 'dk 'Iik = a;
k=1

CCT l;-d, =1 ETBREUTHEMMNSD

s
1=12,---.n
/ = =
]=12,---,1-1
i1
Iij = a; _Zlik -d, 'Ijk — Iij = &
ol
i1 >
2 1| AR DHANEED
d ZLaii _Zlik 'dkj =1; 1THEEDD
S k=1




OMP-1

TREBEILAF—HBERALL
AER B A

(M){z}=(LDL" )iz} ={r}

= (ou) ) == (=

ﬁ
N——’

d 00 0 Ok Dy By Ly A | [T Dufhy Dagfly D/l s/l
0 d, 0 0 00 Iy Iy 1y ls 0 1 oy 1y Lip Ty 15y 11,
0 0 dg 0 OO0 0 Iz Il Ig|=|0 0 1 P PO I P
o 0 0 d, 00 0 O 1, Iy 0 0 0 1 I, /1y,

0 0 0 0 d;J0 0 O 0 Is] [O 0 0 0 1 |




FAELBEEILAF—SREERALI

RIERIRA.

for (i=0; i<N; i++) {
WIYILil = WIRILil;

for (i=0; i<N; i++) {
WVAL = WLYILil;
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] = WLYI[itemL[j]-1];

}
WLYI[i]l = WVAL * W[DD][i];
for (i=N-1; i>=0; i—) {
SW=20.0;
for (j=indexU[i]: j<indexU[i+1]; j++) {
?W += AU[j] * W[Z][itemU[j]-1];

WLZ1[il= WLYI[i]l - WIDD][i]l * SW;

: 1
©O O o O B

11

2

[y

ey

4

[umy

|
|
|3
|
|

L"51

N
N

w
N

2!
1
0
0
0

Ill

I31“11

I, /15,

1
0
0

O O O O
|

lya 7y
|12 /15

l4s /153

1
0

W[DD][i]=1/1I, =d,

lsy /1y,
I, /1,
ls3 /133

I, /1,

1 -




FAELEEILAF—SREERALI
BT RIB A 5 HIEF I

for (i=0; i<N; i++) {
WIZILi] = WIRI L1 |
W[DD][i]=1/1; =d,
for (i=0; i<N; i++) {

WVAL = W[ZI[i], 1, 0 0 0 0]

(L){Z}={Z} for (j=indexL[i]; j<indexL[i+11; j++) I L o o0 o
} WVAL -= ALTj] * WLZ][itemL[j1-1]; Lo

WLZILi1 = WVAL % WLDD][il; L L L, 0

|51 |52 |53 |54 I55_

for (i=N-1, i>=0; i—) {
SW=0.0;

for (j=indexU[i]: j<indexU[i+1]; j++) { 1 L/l L/ Ly e ]
T Y . = ! 217 11 31711 417 11 51° "1
(DL ){Z}: 4 ! 5 LRI Ll e e 0 1 ylly Lyl Iyl
WLZ1[i]l= W[Z][i] - W[DD][i] * SW; 0 0 1 PV P P P

0 0 0 1 |54/|44

0 0 0 0 1
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solve ICCG (1/7): METHOD=1

#include <stdio. h>

finolude Sotdl ib.hy ICELTOT —» N
include <string.

#include <errno. h> BFORCE —> B

#include <math. h> etc.
#include “solver ICCG. h”

PHI — X
EPSICCG— EPS

extern int

solve _ICCG (int N, int NL, int NU, int *indexL, int *itemL,
int *indexU, int *itemU,
double *D, double *B, double *X, double *AL,
double *AU,
double EPS, int *ITR, int *IER)

double *xW;
double VAL, BNRM2, WVAL, SW, RHO, BETA, RHO1, C1, DNRM2;
doble ALPHA, ERR;

int i1, ic, ip, L, ipl;

nt § %(1) WOl [il= W[R]I[i} = {r]
int § =1 WI11[il= WIZI[i} = {z}
int DD = 3, Wl11Lil= WIQI[i} = {a}

WL2]1[il= W[PILi} = {p}

W[3]1[il= WIDDI[i} =>{d}



solve ICCG (2/7): METHOD= 1

W = (double **¥)malloc (sizeof (double *)x*4);
if(W==NULL) {
fprintf (stderr, “Error: %s¥n”, strerror(errno));

return -1,
WI[DD][1]= d;
for (i=0, i<4; i++) {

W[il = (double ¥)malloc(sizeof (double)*N); 1IN INCOmMplete modified
if(WLi] == NULL) {

fprintf (stderr, “Error: %s¥n”, Cholesky factorization
strerror (errno)) ;
return -1;
} } 1=1,2,---,n
for(i??j l<gfol++) { j=12,-,i-1
IR g [l
} WE31Cid = 0.0 ly=a;= ) le-di 1y i =
i1 -1
-1 | Only diagonal
d :[aii _Zlikz 'dkj =; 1 components are
for (i=0; i<N; i++) { N k=1 changed
FoF (j=indesL[11: i<indesL[i+1]; j+0) |
or (j=indexL[i]: j<indexL[i+1], j++ i1
} VAL = VAL = AL LiT#ALEj1AWTOD] [itenL[j] - 11: \[’)V[[_[])D][']- d;
1]: di:
WIDDI[i] = 1.0 / VAL; _ : .
| itemL[j]:
AL[]]: Ay,
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solve ICCG (3/7): METHOD=1

for (i=0; i<N; i++) {

VAL = D[i] * X[il;
for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL += AL[j] * X[itemL[j]-1];

}
for (j=indexU[i]; j<indexU[i+1]; j++) {
VAL += AU[j] * X[itemU[j]-1];

J
WIRI[i]l = B[i] - VAL;

BNRM2 = 0.0;
for (i=0; i<N; i++) {

}

BNRM2 += B[i]*B[i];

BNRM2=]b]?
Convergence criteria

Compute r®= pb-[A]x©®
for 1=1, 2, .

M

solve [M]z(-D= rG-D
Pi_1= r@i-10 z@-1)
if i=1
p(l): 7 (0)
else
Bi-1= Pi-1/Pi-2
pO= z0G-D + B.  pl-D
endif
q(i): [A]p(i)
o = pi-/pgL
(M= x(-1) 4 OCip(i)
rd= rG-n - ¢.q®
check convergence |r|
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solve ICCG (4/7): METHOD= 1

*[TR = N;

for (L=0; L<(*ITR); L++) {

for (i=0;
W[Z]

for (i=0;

i<N; i++) |
[i] = W[RILi];
i<N; i++) |

WVAL = W[Z]I[i];
for (j=indexL[i]; j<indexL[i+1]; j++)

J
W[Z]

for (i=N-

WVAL —= AL[j] = W[Z][itemL[j]-1];
[i] = WAL = W[DD][i];

1; i>=0; i——) {

SW=0.0;
for (j=indexU[i]; j<indexU[i+1]; j++)
SW += AULj] * W[Z][itemU[j]-1]1;

J
W[Z]

[i]= W[Z][i] - WIDDI[i] * SW;

{

{

Compute r©®= b-[A]x®
for i=1, 2, .
solve [M]zC-D= rG-D
Pij_1— ra-1 z3aGa-1
it i1=1
p(l): 7 (0)
else
Bi—_lz pi—_llpi_z _
p('): z@(-1) 4 Bi—l p(l)
endif
q(i): [A]p(i)
a; = pi_/pMqg®
x(M= x(@-1) 4 Otip(i)
rH= G-1) _ Otiq(i)
check convergence |r]|

@D
>
o
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solve ICCG (4/7): METHOD= 1

(M)z}=(LDL )iz} = {r}

o it Wi Ci: (L)z)=fr) IS A A

}
for (i=0; i<N; i++) { . .
WAL S WEZI i Forward Substitution

for (j=indexL[i]: j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

}
WCzI[i]l = WVAL = W[DD] [i];

. B A

iy (DL ){Z}= iz} Backward Substitution
for (j=indexU[i]: j<indexU[i+1]; j++) {
SW += AU[j] * W[Z][itemU[]j]-1];

}
WIZ1[il= W[Z1[i]l - W[DD][i] = SW;
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solve ICCG (5/7): METHOD=1

Y R D O)= h_ 0)
% RHO = {r} {2} * Compgte r b-[A]X
e for 1= 1, 2, ..
(-D= pG-1)

RHO = 0.0: solve [M]z '~ ra
for (i=0; i<N; i++) { Pi = ra-b z«a-1
} RHO += W[R][i] * W[Z]I[il; if i=1

p(l): 7 (0)

else

Bi-1= Pi-1/Pi-2 _
p(l): z(@-1) 4 Bi_1 p(')
endif
qH= [A]p®
o; = pi/pMgh
XM= xG-1 + o.p®
rH= G-1) _ aiq(i)
check convergence |r]|

@D
>
o
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solve ICCG (6/7): METHOD=1

/Fkkkkokkokokkokkok kR ko kok ok okok Kk O= ph_ ©
ol = 12 if TERSD % Compt_Jte r b-[A]X
*x BETA = RHO / RHO1 otherwise * for 1= 1, 2, ..
********************************/ SO I ve [M] Z (i _1) — r(i _1)
if(L =0) { _ = r@-1) z(i-1)
for (i=0; 1<N; i+ { Pis= T <
WIPILil = WLZI[il: if 1=1
1)— 0
| else | pM= z©O
BETA = RHO / RHOT; else
for (i=0; i<N; i++) { — /
WIPT[il = W[Z][i] + BETA * WIPI[il: Bi-1= Pi-1/Pi-2 _
} p(_l): z(-1) 4 [ p(l)
endif
/ skskskskskskkk ok k ok ok ok ok ok >k ( i ) — ( i )
* {a} = [A]{p} * q [Alpt"
sokokkkdkokkkdokokkok / a; = pi_l/p(l)q(l)
for (j=0; i<N; i+ { x(D= XD+ o;pH
VAL = D[i] = W[PI[i]; _ . r= rG-1 - ¢g.q®
for (j=indexL[i]; j<indexL[i+1]; j++) { .

VAL += AL[j1 * WIPI[itemLTj1-11; check convergence |r]|

}
for (j=indexU[i]; j<indexU[i+1]; j++) {
VAL += AU[j] * W[P][itemU[j]-1];

J
WIQI[i]l = VAL:

@D
>
o
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solve ICCG (7/7): METHOD= 1

/Fkkokskorskoksoksoksdokodokokokokskokskokk O)= ph- )
% ALPHA = RHO / {p} {q} * Compl._Jte r b [A]X
sokksfokskskokskokokokskFokskkokkkokkok / for 1= 1 , 25 .
C1 =0.0; i—1)— -
for (i=0° iN;_i++) | solve [M]z(-D= rG-H
} C1 += W[PI[i] = W[QILil; pi_= ra-0 zG-n
ALPHA = RHO / C1; 1T 1=1
p(l): 7 (0)
/kkkskorskekokdokdokkokkkokdokdokk Kok oKk
* {x} = {x}] + ALPHA * {p} * else
* {r} = {r}] - ALPHA * {q} =* _ /
******************T********/ Bi—l_' Pi-1/Pi-2
for (i=0; i<N; i++) (D= 2(G-1) 4+ B. ()
X[i]  += ALPHA = W[P][i]: b ‘ Pi-s P
W[RI[i]l —= ALPHA * W[Q][i]; endif
q(i): [A]p(i)
DNRM2 = 0.0; oL: = p-_l/p(i)q(i)
for (i=0; i<N; i++) | () w(i- i
DNRM2 += WR] TiJ+W[R] [i]: X(D= xU-1) + g;pD
r(D= pG-1) _ aiq(l)
ERR = sart (DNRM2/BNRM2) ; check convergence |r|
if((L+1)%100 ==1) { en
fprintf (stderr, “%5d%16. 6e¥n”, L+1, ERR); -

J
i f (ERR < EPS) {
*[ER = 0; goto N90O;

} else {
RHO1 = RHO;

J
*[ER = 1;
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solve ICCG (7/7): METHOD= 1

/ skkskokkokkskkskokskokkokkkkkokkokkk

* ALPHA = RHO / {p} {a} *

************************/

Cl1 =0.0;

for (i=0; i<N; i++) { _
C1 += W[PI[il * W[QI[i]:

J
ALPHA = RHO / C1;

/ Skskskkskskok sk sk ok sk sk ok sk sk Sk sk sk ok sk sk sk sk sk sk sk >k
* {x} = {x} + ALPHA * {p} =*
* {r} = {r} — ALPHA * {q} =*
Skskskkskskok sk sk ok sk sk ok sk sk ok sk sk ok sk sk Sk sk sk ok sk k /
for (i=0; i<N; i++) {
X[i] += ALPHA * W[PI[i];
WIRI[i] -= ALPHA = W[Q][i];

DNRM2 = 0.0;
for (i=0; i<N; i+ |
DNRM2 += W[RI[iJ*W[R][i];

ERR = sqrt (DNRM2/BNRM2) ;
if((L+1)%100 ==1) {”0 : -
fprintf (stderr, “%5d%16. ( 0 b—[A]X

J
if (ERR < EPS) { DNRM2=]r ]2
[ER = 0: goto N90O;
}*else { SOR0 BNRM2=]b|]?
RHO1 = RHO;

bikR = 1 ERR= Ir1/]bl

Compute r©®= b-[A]x®
for i=1, 2, .
solve [M]z(-D= rG-D
pi—]_: r(i—l) Z(i—l)
1f i1=1
p(l): 7(0)
else
Bi-1= Pi-1/Pi-2 _
p(l): z(i-1) 4 Bi—l p(|)
endif
qﬁ): [A]p(D
OLi = pi—l/p(i)q(i)
x(M= x(i-1) 4 aip(i)
r= rG-1 - ¢.q®
check convergence |r]|

D
-
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solve ICCG2 (1/3): METHOD= 2
Fortran ONLY

IC 0)— 0]
. Compute r®= b-[AIx®
:8*** module solver_ICCG2 for 1= 1, 2, .
| Cokokok — ; 3
! ile solver 1066 solve [M]zC(-D= rG-D
module solver_ _ o 5 _
c contains Pij_1— ra-1 za-1
|Caork s0lve_ [CCA2 if i1=1
IC p(l): 7 (0)
subroutine solve_ICCG2 &
& (N, NPL, NPU, indexL, itemL, indexU, itemU, D, B, X, & else
& AL, AU, EPS, ITR, IER) _
- Bi—_l_ Pi-_1/Pi-2 ]
implicit REALx8 (A-H, 0-Z) p(|): z(i-1) 4 Bi—l p(|_1)
real (kind=8), dimension(N) D 1
real (kind=8), dimension(N) 1B M ;
real (kind=8), dimension(N)  :: X q('): [A]p(l)
real (kind=8), dimension(NPL) :: AL (D ()
real (kind=8), dimension(NPU) :: AU o = pi_llp q
integer, dimension(0:N) 1 indexL, indexU X(I): X(I_l) + OLip(l)
integer, dimension(NPL) :: itemL rM= pG-1 _ Ot-q(i)
integer, dimension(NPU) :: itemU 1

_ _ check convergence |r]|
real (kind=8), dimension(:,:), allocatable :: W

end
integer, parameter :: R=1
integer, parameter :: /= 2
integer, parameter :: Q= 2
integer, parameter :: P= 3

integer, parameter :: DD= 4

real (kind=8), dimension(:), allocatable :: ALIuO, AUluO
real (kind=8), dimension(:), allocatable :: DIu0
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solve ICCG2(2/3): METHOD=2

IC
I +—————+
IC | INIT |
IC +————+
! C:::
allocate (W(N, 4))
doi=1, N
X(i) =0.d0
Wi, 1)= 0.0D0
W(i,2)= 0.0D0
Wi, 3)= 0.0D0
W(i,4)= 0.0D0
enddo
cal| FORM_ILUO
! C:::

DIu0, ALIuO, AUIUOIZIXILU(OY R RS h =X, T=A,
F=AMSHBASETHIM]) .
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FORM ILUO(1/2)
A EEIAL AT —0fE ]
solver ICCGZ/.ﬂ iz

contains

IC

| Cokskok

ICx+x FORM_ILUO

| Cokskok

IC

IC form ILU(0) matrix

IC
subroutine FORM_ILUO
implicit REAL*8 (A-H, 0-2)
integer, dimension(:), allocatable :: IW1 , IW2
integer, dimension(:), allocatable :: IWsL, IWsU
real (kind=8):: RHS Aij, DKINV, Aik, Akj

IC

6 S o
IC | INIT. |
6 S o

allocate (ALIuO(NPL), AUIuO(NPU))
allocate (DIUO(N))

do i=1, N

DIu0(i)= D(i)

do k=1, INL(i)
ALIuO(k, i)= AL (K, i)

enddo

do k=1, INU(i)
AUIuO(k, i)= AU(K, i)

enddo

enddo

180

CHEICITARSERBIELUS R

1=12,---,n

j=12,,i-1

j-1
Iu :aij_zlik'dk Ijk
k=1
- -1
di :(an _Zlikz 'dkj = Iii_l
N~ k=1

DIu0, ALIuO, AUIUOIZIZILU(0) 7 %
ni=xtf, =/, L=ARSH
A% ATHIM]) .

[DIu0,ALIUO,AUIUO J¥HAMEEL T,
[D,ALAUIDIEZHK AT S,
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FORM ILUO (2/2)

IC

IC :

;8 | TLU(0) factorization |

i === '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0

- do i= 1, N

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0) )= kO
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0) )= kO
enddo

do icon= indexL (i-1)+1, indexL (i)
k= itemL (icon)
D11= DIu0 (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIuO(i)=1.d0 / DIuO(i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
-A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo

enddo
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FORM ILUO (2/2)

IC

IC + t

;8 | TLU(0) factorization |

i === '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0
do i=1, N

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0) )= kO
enddo

do kO= indexU(i-1)+1, indexU(

IW2 (itemU (k0))= kO
enddo

=P 4o icon= indexL(i-1)+1, index

k= itemL (icon)

D11= DIu0 (k)

DkINV= 1.d0/D11
Aik= ALIu0 (icon)

do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then

Ak j= AUIu0 (kcon)
RHS_Ai j= Aik * DKINV * Ak

i1jO0 = IW1(}))
ALTuO (i jO)= ALIuO(ijO) — RHS_Aij

endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIu0(i)= 1.d0 / DIu0 (i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
—A (i, k)*(A(k, k))*A(k, j)
endif
enddo
endif
enddo

enddo
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FORM ILUO (2/2)

IC

IC + t

;8 | TLU(0) factorization |

i === '
allocate (IWT(N) , IW2(N))
IW1=0
IW2= 0
doi=1, N

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0) )= kO

enddo

do kO= indexU(i-1)+1, indexU (Il |
IW2 (itemU (k0) )= kO o

enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)

D11= DIuO (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

=g o kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.It.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Akj

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIu0(i)= 1.d0 / DIu0 (i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
-A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo

enddo
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FORM ILUO (2/2)

IC
IC + t
;8 | TLU(0) factorization |
iG=== - '
i=12,---,n
j=12,---,i-1
j—1
Iij = — li - dy 'Ijk
k=1

i1 -1
‘ di :[aii _Zlikz 'dk) :Iiiil ‘
k=1

do icon= indexL (i-1)+1, index

k= itemL (icon)

D11= DIuO (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

=g o kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak
DIuO(i)= DIu0(i) — RHS_Aij

if (j.1t.i .and. IW1(j).ne.0) then

Ak j= AUIu0 (kcon)
RHS_Ai j= Aik * DKINV * Ak

i1jO0 = IW1(}))
ALTuO (i jO)= ALIuO(ijO) — RHS_Aij

endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIu0(i)= 1.d0 / DIu0 (i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
—A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo
enddo
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FORM ILUO (2/2)

1=12,---,n

do k0= indexU(i-1)+1, indexU (Il

IW2 (i temU (k0))= kO

enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

=g o kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak
DIuO(i)= DIu0(i) — RHS_Aij

if (j.1t.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

j<i

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo
enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo

do kO= indexU(i-1)+1, indexU(i)
IW2 (itemU (k0))= 0
enddo
enddo

do i=1, N

DIu0(i)= 1.d0 / DIu0 (i)
enddo

deallocate (IW1, IW2)

!C:::
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
—A (i, k)*(Ak, k) *A (K, j)
endif
enddo
endif
enddo
enddo
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FORM ILUO (2/2)

1=12,---,n

do k0= indexU(i-1)+1, indexU (il

IW2 (i temU (k0))= kO

enddo

do icon= indexL (i-1)+1, index

k= itemL (icon)
D11= DIu0 (k)

DkINV=1.d0/D11
Aik= AL1u0 (icon)

= do kcon= indexU(k-1)+1, indexU (k)
j= itemU (kcon)

if (j.eq.i) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak
DIu0(i)= DIu0(i) — RHS_Ai ]
endif

if (j.1t.i .and. IW1(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ijo = IW1())
AL1uO (i jO)= ALIuO(ijO) — RHS_Aij
endif

if (j.gt.i .and. IW2(j).ne.0) then
Ak j= AUIu0 (kcon)
RHS_Aij= Aik * DKINV * Ak

ij0 = IW2(})
AUIuO (i jO)= AUIuO (i jO) — RHS_Aij
endif

enddo

enddo

do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0

enddo

do kO= indexU(i-1)+1, indexU(i)

IW2 (itemU (k0))= 0

enddo
enddo
do i=1, N
DIu0(i)= 1.d0 / DIuO(i)
enddo
c deallocate (IW1, IW2)
end subroutine FORM_ILUO
do i=1, N
do k=1, i-1
if (ACi,k) is non-zero) then
do j= k+1, N
if (ACi, j) is non-zero) then
ACi, )= A(i, J) ,
-A(i, k) *x(A(k, k) T*A (K, j)
endif
enddo
endif
enddo
enddo

j>i
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T if (j.gt.i .and. IW2(j).ne.0) then
1=12,---,n Ak j= AUIuO (kcon) j>i
RHS Aij= Aik * DKINV * Ak j
1=12,---,1-1 ij0 = IW2(j)
= AU1UO (170)= AUTUO(i jO) — RHS_Ai ]
h _'au‘IEEZLk'dk Im‘ endif
k=1 ggddo
i1 - enddo
d =| & _Zlikz de | = Iii_l : : , .
=) do kO= indexL (i-1)+1, indexL (i)
IW1 (itemL (k0))= 0
enddo
do k0= indexU(i-1)+1, indexU (il
IW2 (itemU (k0))= kO do kO= indexU(i-1)+1, indexU(i)
enddo IW2 (itemU (k0))= 0
enddo
do icon= indexL (i-1)+1, index enddo
k=itemL (icon)
D11= Dlu0 (k) do i=1, N
DIu0(i)=1.d0 / DIuO(i)
DkINV= 1.d0/D11 enddo
Aik= ALIuO (icon) c deal locate (IW1, IW2)
=P do kcon= indexU(k-1)+1, indexU (k) " end subroutine FORM_ILUO
j= itemU (kcon)
if (j.eq.i) then —— — N ~ -
AK = AUIUO (kcon) EIZZDIFXOFIFE L E L

RHS_Ai j= Aik * DKINV * Ak
DIu0(i)= DIu0(i) — RHS_Ai ]

endif

Ak j= AUIu0 (kcon)

endif

if (j.It.i .and. IW1(j).ne.0) then
RHS_Aij= Aik * DKINV * Akj

i1jO0 = IW1(}))
ALTuO (i jO)= ALIuO(ijO) — RHS_Aij

j<i (FEERIFER)

AL 1u0= AL
AUluO= AU

Li=A"> T,



i=i. j<i, j>i (1/3)
HHEZXRIN(O) 1T

188

(1) j=i

-~

1=12,---,n

EZHRI AT =AM

2Tk O) IO E=ARSTI(W) 1H:

[1B&THAH5E, Diu(l) ER




i=i, j<i, j>i (2/3)
HHEXRIN(O) JIZ

189

N (2) J<i

EZHRI AT =AM

N ) STk O) IO E=HEAT (M) 155

IO T=ZAMN THSHE
ALIUO(i-j) (M) B
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j=i, j<i, j>i (3/3)

190

K . HBEERN(O) JI-HEET 3T ARK
N ‘ = STk O) IO E=AMST(M) 1A
) (3) j>i
D E=AESTHEIES
N AUIUO(-j) (M) B
i

EFRIE(2), R)IZLTHIEAITEL

/i:1,2,---,n

/1:1,2,
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solve ICCG2(3/3): METHOD=2

I 0)= 0
| Ckskskskokskkskskskskskskskskskskskskskskskskskskskskskkkkkkkkkkkkkkkkkkkkkkkkkk [ TERATION CompUte r( )= b_ [A]X( )

[TR= N for 1= 1, 2,
o dolL=1 IR solve [M]zC(-D= rG-D
P . : 0i = rG-1 zG-D
:g | {z}= Minv]{r} | ﬁ 1=1
1C0=== 1)— 0
do i=1, N p= z®
\géi,az W(i,R) else
endado
o i1 N Bi-1= Pi-1/Pi-2 ]
\(AjNAk?W((ij,Z)L(, el indexl (i) pH= zG-D + B; , pt-b
0 K= IhaexL(I—1)+1, 1naexL(l B
WAL= WVAL - ALIUO (k) * W(itemL (k),2) endif _
enddo q(l): [A]p(l)
W(i,Z)= WAL * DIu0(i) .
enddo o; = pi_llp(')q(')
dos\;v: N,O1bd61 (M= x(i-1) 4 aip(l)
= o ) -_1 o
do k= indexU(i-1)+1, indexU(i) rv= ra-H - q;q®
eng\g; SW + AUIuO (k) * W(itemU(k),Z) check convergence |r]|
W(i,2)= W(i,Z) - DIu0(i)*SW end
. enddo

NLLTDNEXIsolve ICCGIEELEIL
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IG

| Cokskotokskokokskokokskokskekorskekokskekokskokokskokokskokokskokokskokokskokokskokokskkokskkokk [ TERATION

IC
IC +

solve ICCG2(3/3): METHOD=2

ITR= N
do L= 1, ITR

(M)fz}= (DL iz} ={r}

IC | {z}= Minv]{r} |
IC 4

do i=1, N
W(i, 2)= W(i, R)

(Lhiz}=

do i=1, N
WVAL= W(i, 2)
do k= indexL(i-1)+1, indexL (i)
WVAL= WVAL - ALIuO(k) * W(itemL(k),Z)
enddo
W(i,Z)= WAL * DIuO (i)
enddo

do i=N, 1, -1
SW = 0.0d0

do k= indexU(i-1)+1, ind (DLT ){Z}: {Z}

SW= SW + AUIuO (k) * W(itemU(k), 2)
enddo
W(i,2)= W(i,Z) — DIu0(i)*SW
enddo

| Gl

AIERXA
Forward Substitution

ZEKA
Backward Substitution

(%, ALIUO, AUILIODEIFAL, AUELLFEILTH S,
METHOD=1, METHOD=2M%& % (R#ERI%) [XFEL

192
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AL EEIAL R T—5 fiE
HEDSSE AV ADEE

~
1=1,2,---,n
~
]=12,---,1—-1
i1 J
=2y, = Iy -dy -1,
k=]
i1 s J
d :Eaii_zlikz'dkj =1,
NN k=1

O%imf=9 &537% (i-j-k) G,jo @A 2T Hk) HELY




ZS5UL\5B S (FXAUIUO, ALIUOAY
BEFINSAIEEEHY



e =3
* BER

— ARATEE
— BILIB{T R IEE
o ICCGEIZKARTYUAREREVILN—IZDLVT

- BT

o« T—ARIEE

— 7055 LMDERBA
o FEAML
o BRETN)ORER
e |ICCGi%

e OpenMP
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OpenMP for Dot Products

VAL= 0.0;
for (i=0; i<N; i++) {
} VAL= VAL + W[RI[i] * W[Z][i];
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OpenMP for Dot Products

VAL= 0.0;
for (i=0; i<N; i++) {
VAL= VAL + W[RI[i] * W[Z][i];

J
VAL= 0.0;

#ipragma omp parallel for private (i) reduction (+:VAL)
for (i=0; i<N; i++){
} VAL= VAL + W[RI[i] = W[Z][i];

Directives are just inserted.
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OpenMP for Dot Products

VAL= 0.0;
for (i=0; i<N; i++) {
VAL= VAL + W[RI[i] * W[Z][i];

}
VAL: 0. O; — — N
. . . : OpenMPT AL U T4 DiEA
#praic;g?((i)rg;p?gﬁ;l Iie+l+)f?r private (i) reduction(+:VAL) — GBI (LA

} VAL= VAL + W[RI[i]l = W[Z][il;

VAL= 0.0; * LEL—TOHA
#oragma omp parallel for private (i, ip) PESMpTOT: AL RS
reduction (+:VAL) HoMLEHIINDEX()1ZXARLTHL
for (ip=0; ip<PEsmpTOT; ip++){ _ FYHERICIHNEFHE R
for (i=INDEX[ip]; i<INDEX[ip+1]; i++) { (BHZTNEMN LD DI TIRELY)

| VAL= VAL + W[RT[i] * W[Z][i];
}
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OpenMP for Dot Products

VAL= 0.0;
for (i=0; i<N; i++) {
VAL= VAL + W[RI[i] * W[Z][i];

J
VAL= 0.0; — —
#oragma omp parallel for private (i) reduction(+:VAL) 9;‘5{‘(“4}?&;;7;5;?@)\
— VU a E

for (i=0; i<N; i++){
VAL= VAL + W[RI[i] * W[Z][i];

'

VAL= 0.0; ZEIL—TNDEA
#pragma omp parallel for private (i, ip) PESmpTOT: AL-yR%k
reductlpn (+.Z VAL) o Egb\U&)HNDEX(Z)JEFH%n\L"CB(
for (ip=0; ip<PEsmpTOT; ip++) { FUREE (- 1 53 B E

for (i=INDEX[ip], i<INDEX[ip+1]; i++) {

VAL= VAL + WIRILi] * W[Z]lLi];
} + WIRIL] [Z]Ti] PESmMpTOTE®D AL yRHMiLE EMN

} Y, i HZRT
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OpenMP for Dot Products

ZEIIL—TDEA

#\ééle_lgm(a)' (c))r}lp parallel for private (i, ip) PI%smpTOT:Zb‘yP*;&
reduction (+:VAL) HoMEHTINDEX[[1ERELTHL
for (ip=0; ip<PEsmpTOT; ip++) { SYEEIZHFEFEENE
for (i=INDEX[ip]; i{INDEX[ip+1_]; i++) {
} VAL= VAL + WIRILi] = WLZ][il; PESMpTOTA®D XL YR AL EASY,
] A B (29T
BERNTFHESNSIALYFE
IEETED
e.g.: N=100, PEsmpTOT=4
INDEX[0]= O
INDEX[1]= 25
INDEX[2]= 50
INDEX[3]= 75

INDEX[4]= 100
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OpenMP/Directives
Array Operations

Simple Substitution Dot Products
#ipragma omp parallel for private (i) RHO = 0.0;
for (i=0; i<N; i++) { #ipragma omp parallel for private (i)
X[i] =0.0; reduction (+:RHO)
W[OI[i] = 0.0; for (i=0; i<N; i++) {
W[1l[i] = 0.0; RHO += W[RIL[i] * W[ZI[i];
} Wr21[il = 0.0; }
DAXPY

#ipragma omp parallel for private (i)
for (i=0; i<N; i++) {
} Y[i]l = Y[Li} + alphat*X[i];
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omp parallel (do)

« omp parallel-omp end parallellZZD=UIZR L v
FEAERK, HRESE S : fork-join
IV—Th&ERRY & BT —/IN—Ay FIZHd
ENBH B

omp parallel + omp do/omp for

1$Somp parallel ... #pragma omp parallel ...
1Somp do #pragma omp for {

do 1= 1, N
1Somp do #pragma omp for {

do 1= 1, N

1$Somp end parallel WhZE



ICCGEMD M FI4E

N1&E:OK
DAXPY : OK
THNIRILIR
R AL I
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THIANIRIVIR

for (i=0; i<N; i++) |
VAL = D[i] * W[P][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
| VAL += AL[j] * W[P][itemL[j]-1];

for (j=indexU[i]; j<indexU[i+1]; j++) {
VAL += AU[j] * W[P][itemU[ ]-1];

}
WIQI[i] = VAL;



THIANIRIVIR

#pragma omp parallel for private(ip, i, VAL, k)
for (ip=0; ip<PEsmpTOT; ip++) {
for (i=SMPindexG[ip]; i<SMPindexG[ip+1]; i++) {
VAL = D[i] = W[P][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
| VAL += AL[j] * W[P][itemL[j]-1];

for (j=indexU[i]; j<indexU[i+1]; j++) |
VAL += AUL[j] * W[P][itemU[j]-1];

}
WIQI[i] = VAL;
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THIRNIRILEE: INTHOK
GPU, A =4/a7 TlEIBELD0ANEBULEES
HY : JL—T & B
#ipragma omp parallel for private(i, VAL, k)
for (i=0; i<N; i++){
VAL = D[i] * W[P][i];

for (j=indexL[i]; j<indexL[i+1]; j++) {
| VAL += AL[j] * W[P][itemL[j]-1];

for (j=indexU[i]; j<indexU[i+1]; j++) {
VAL += AUL[j] * W[P][itemU[j]-1];

}
WIQI[i] = VAL;




ICCGEMD M FI4E

N5 : OK

DAXPY : OK
THIRIRILEE: OK
EORUEES



A AL I

for (i=0; i<N; i++){
WCZI[i1= WIRILi]=W[DD][i];
}

#fomp pragma parallel for private(i)
for (i=0; i<N; i++) {
WCZILil= WIRILi]+W[DD][i];
}

#fomp pragma parallel for private(i, ip)
for (ip=0; ip<PEsmpTOT; ip++) {
for (i=INDEX[ip]; i<INDEX[ip+1]; i++)
} WCZIL[i]l= WIRILi]*=W[DD][i];
}

TE2THM?
XHERT—) T HoEHE . THELY

64*64*64
METHOD= 1

1 6.543963E+00
101 1.748392E-05
146 9.731945E-09

real Oml1l4.662s

METHOD= 3

1 6.299987E+00
101 1.298539E+00
201 2.725948E-02
301 3.664216E-05
401 2.146428E-08
413 9.621688E-09

real Om19.660s
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for (i=0; i<N; i++) |
VAL = D[i];

for (j=indexL[i]; j<indexL[i+1]; j++) {

]
WIDD][i] = 1.0 / VAL;

}
for (i=0; i<N; i++) |{
WVAL = W[Z][i];
for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[Z][itemL[j]-1];

}
WEZ][i] = WVAL = W[DD][i];

VAL —= AL[jI*AL[j]*W[DD][itemL[j]1-1];

}

209



210

T —HKEE AT DFEALAALEESH
LAORIFFICHEEL, dESEEEE

el Tor (i=0; i<N; i++) {
JALRE— VAL = D[i];
o iR for (j=indexL[i]; j<indexL[i+1]; j++) {
VAL —= AL[jI*AL[j]1+W[DD] [itemL[j1-1];
|
WIDD][i]= 1.0 / VAL;
|

for (i=0; i<N; i++) {

WVAL = W[Z][i];

for (j=indexL[i]; j<indexL[i+1]; j++) {
WVAL —= AL[j] * W[ZI[itemL[j]-1];

}

W[ZI[il= WVAL = W[DD][i];

}
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HIER A
ARLYRIZ&AAFEZE A S

“icel” starts at 0

12113 114115 ) (o ian: is0) |

VAL = D[i];
8|9 10|11 for (j=indexL[i]; j<indexL[i+1]; j++) |
45|67 ] VAL —= AL[jI*AL[jI+W[DD] [itemL[jI-1];

WIDD][i]= 1.0 / VAL;
0l112]3 | [DD] [i] /

“itemL” starts at 1

13114 |15 16
9 10|11 |12
S| 6|78
1123 4
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HIERX A
ARALYRIZ&ABAFEZE A S

#ipragma omp parallel private (ip, i, k, VAL) INDEX[0]= 0
12113114115 for (ip=1; ip<4; ip++) | INDEX[1]= 4
for (i=INDEX[ip]; i<INDEX[ip+1];i++) { INDEX[2]= 8
8 | 9 110111 “yy prig; INDEX[3]=12
4 6 | 7 for (j=indexL[i]; j<indexL[i+1]; j++) { INDEX[4]=16
o VAL —= AL[jI#AL [j1*W[DD] [iteml [j1-11;
J
O 1|23 | woDbI[i]=1.0/ VAL;
}
}
| | | SOEIGARLYEHERFIC
i= 0~3 i= 4~7 i= 8~11 i=12~15 EESND- -




213

-‘r“—é‘tﬁzﬁ'l‘i - AEY~ADEZHL,
S IAADEIFFIZHRSE

13114 | 15 #ipragma omp parallel private (ip, i, k, VAL) INDEX[0]= 0

for (ip=1; ip<4; ip++) | INDEX[1]= 4

for (i=INDEX[ip]; i<INDEX[ip+1]1;i++) { INDEX[2]= 8

9 1101111 a “ oy INDEX[3]=12

5 6 7 for (j=indexL[i]; j<indexL[i+1]; j++) { INDEX[4]=16
VAL —= AL[jI*AL[j]*W[DD] [itemL[jI-1];

}
1123 WIDDI[il= 1.0 / VAL;

]
]

<.
Data Dependency

#0 thread

0 #2 thread
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ICCGEMD M FI4E

RNFE: OK

DAXPY : OK

THIRYKILFE: OK

BIALEE - fr A E LT R E s 70y

— BEflllZOpenMP7i & M1E7R1T (directive) @ ALT=1=(F
TIXIN I F[4E 1 TELELY,




