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cKƁƌũſǖ !ƁĠNŽs*�Äjƒìůž
ŴƏǓĦ
Ǚ¯e*Že*6ŴƏžÞ*ÞþƁe*¯žF
ƎƁİŻƁe*¯ƁjŭŽŮƏǓ

C1,3u1 +C1,4u2 +C1,5u7 =α1

C2,2u1 +C2,3u2 +C2,4u3 +C2,5u8 =α 2

C16,1u10 +C16,2u15 +C16,3u16 +C16,4u17 +C16,5u22 =α16

①の差分点について

②の差分点について

⑯の差分点について

・・・・・・・・・・

・・・・・・・・・・

#ČŽİį¯Ɓe*¯ŭYMŴƏƁŽİį!ƁĈÈ�ÄjžſƏǓĦ
ųŸŭźż!Ɓs*�ÄjƂǒe*6ƀƌƎ��ƁƌũſĈÈ�
 �Äjƒìů�ƀf¿ŲŵƏ�ŭŽŮƏǓ

Ax = b
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cƁƌũſĈÈ� �ÄjƒÜŪƏǓ Ax = b
A = I−B
(I−B)x = b
x = Bx +b

x0,x1,x2,x3

x(m+1) = Bx(m ) + b

limm→∝ x
(m+1) = B limm→∝ x

(m ) + b

・・・①
ĵƒ?Ɓƌũƀ�Ů¾ŴǓļĦƂ8�ä,Ǔ ・・・②

ŗƒŖƀ�"ų�µŴƏǓ

・・・③

Řƒ®ŸŴƾƟưǊƁ,ǚŤŤŤŤŤŤŤŤŤŤǎǎǎ
ƒÜŪƏǓ ・・・④

űűŽřƁ�ĀƁ�ĕƒ=ƐƃŚƁƌũƀſƏ

・・・⑤

�ĕƾƟưǊƒœžūŰƃŚƂśƁ�ƀſƏ x = Bx +b ・・・⑥

śƂŘž#ůC�žſƏǓŻƆƎĈÈ� �ÄjǚŖƒìů�Ƃřƒ
®ŸŴƾƟưǊƁ,ǚŤŤŤŤŤŤŤŤŤŤǎǎǎŤƒéŻŰƏ�ƀf¿ŴƏǓx0,x1,x2,x3
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x(m+1) = Bx(m ) + břƒìůŸƉƁ;r¦ƀŻŨżô�ŴƏ ・・・④
ĵƂ¡/ǒĵƁ`ëèÑƂ#żĭŽſŨçÑ�ŽŧƏž�\ŴƏǓ

ìůƅŮ�Äj Ax = k ・・・⑦

A = D−E− FĵƒŝƁƌũƀSlǓĸƂĵƁ`ëw
*ƁƇƁä,ǓĹƂĵƁ´Û��ë
ä,ƁÊ@ƒSŪŸä,ǓĺƂĵƁ´
Û��ëä,ƁÊ@ƒSŪŸä,Ǔ

・・・⑧

ŝƒŜƀ�"ųŞƒqƏ

Dx = (E+ F)x + k ・・・⑨

ŞƒřƁ;r¦ƀŴƏžşƒqƏǓĦ
űƁ;r¦ƒ¯ǅƢƹ¦žŨũǓĦ
%�¼ƀƂŠƁíÎ¦žſƏǓĦ
¨½ŴƅŮƂħōĩĮĨ��Ɓìƒq
ƏŸƉƀħōĨ��ƁìųŬ�¸ųſ
Ũ¯ŽŧƏǓ

x(m+1) = D−1(E+ F)x(m ) +D−1k
・・・⑩

aiixi
(m+1) = − aij x j

(m ) + kj
j=1
j≠i

n

∑

xi
(m+1) = −

aij
aii

⎛
⎝⎜

⎞
⎠⎟
x j
(m ) + ki

aiij=1
j≠i

n

∑
・・・⑪
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ŞƒšƁƌũƀSlŴƏǓ (D−E)x = Fx + k

(D−E)x(m+1) = Fx(m ) + k

aiixi
(m+1) = − aij x j

(m+1)

j=1

i−1

∑ − aij x j
(m ) + kj

j=1+1

n

∑

・・・⑫

šƒřƁ;r¦ƀŴƏžŢƒqƏǓĦ

űƁ;r¦ƒ¯ƜƗƨǎƥƖƯǊ¦žŨũǓĦ

%�¼ƀƂţƁíÎ¦žſƏǓĦ
¨½ŴƅŮƂħōĩĮĨ��ƁìƒqƏŸƉ
ƀħōĩĮĨ��Ɓ��ëä,ƒ�¸ųżŨ
Ə¯ŽŧƏħǉƛǋǍƨƁº·ĨǓĦ

?KƁƌũƀĪĦŋƒ\ÛŴƏƁƀŋīĮƁ�ƒ
:°ŴƏƢǏƯƕǍƠƂ�KƁƌũſ:°
Ē�žſƎĪǉƛǋǍƨħIf:°Ĩŭº·ų
żŨƏǓ

・・・⑬

・・・⑭

x(i) = a(i)* x(i −1)+ b(i)
do i=1,n

ǉƛǋǍƨŭŧƏžĪĦŋƀŻ
ŨżƂ�YĒ�ŭŧƎ�
,(µŭŽŮſŨǓ
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ƀï�ŲƐżŨƏǓĦ
ƜƗƨǎƥƖƯǊ¦ƚǉƧƲǊƁíÎğhƂ0ƿǏƧƁƌũƀǉƛǋǍƨƁŸƉƀ�,
6ŽŮſŨǓĦ
ŶűŽħņĨƁƶƖƷǏƽǋǏǍ¦ƋħŇĨƁłĹĸīĶľĵķĽ¦ƒ¸ŨǊǏƽ&ƁǉƛǋǍƨ
ƀƌƏ�YĒ�ƒſůŴťĦ
�YĒ�ƒſůŴ�Ž0I÷ÛƁƌũƀƶǏƱƗƘƔƁ�,íÎ��ƒ�ŨĤĆƀ
íÎ>ÝžſƏǓƆŸ�,6ŶƁƊƁƀƊ�¸>ÝǓ

A;r¦

(a)オリジナルスイープ (b)ハイパープレーンスイープ (c)RED-BLACKスイープ

計算順序(スイープ順序)
参照関係 �ƉƁƶƖƸǏƽǋǏǍ&Ƃ

ǉƛǋǍƨŭſŨǓĦ
ƶƖƷǏƽǋǏǍđƁƇƀǉ
ƛǋǍƨŭº·Ǔ

ĥžěƁǖŻƁǊǏƽƀ'�
wŴƏǓĦ
ŶƐŷƐƁǊǏƽ&Ƃǉƛǋ
ǍƨŭſŨǓ
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f (x) = 1
2
(x,Ax)− (b,x)

f (x) = 1
2

aij xix j −
j=1

n

∑
i=1

n

∑ bixi
i=1

n

∑
∂ f (x)
∂xk

= 1
2

aikxi
i=1

n

∑ + 1
2

akjx j
j=1

n

∑ − bk

∂ f (x)
∂xk

= akixi
i=1

n

∑ − bk = 0

$n5č¦ħķĻ¦Ĩ

ŖƁį ƁĒ�ƒÜŪƏǓĦ
űƁĒ�Ɓ�a�HĢƒìůŸƉƀŊħœĨƁ
s*ƒ=ƎĭžūůǓĦ
ŗƌƎŖƁ�a�HĢƒìů�ŭŅœĴņƁì
ƒqƏ�žCÌŽŧƏűžŭ*ŬƏǓĦ

�îžC�ſ�ƒU !ƁƾƟưǊŽäũǓĦ
ŖžCÌſĒ�žųżŘƒÜŪƏǓĦ
Řƒw*Ž�îŴƏžřƁƌũƀſƏǓĦ

řƒœŽ s*ŴƏžŚƀſƏǓĦ
ä,ĵƁ`Ãuƒ�ŨǔžūůűžƀƌƎś
ŭqƍƐƏǓĦ
śƂĈÈ� �ÄjŜƁw*åÂŽŧƏǓĦ

ųŸŭźżŘƁ�a�HĢƒìů�ŭĈÈ
� �ÄjŜƒìůűžžſƏǓ

f (x) = 1
2
ax2 − bx ・・・①

・・・②

・・・③

・・④

・・⑤

・・・⑥

f '(x) = ax − b = 0

Ax = b ・・・⑦
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ķĻ¦ƔǊƣǉƩǃƁO�lƒcKƀÂ
ŴǓĦ
űƁ�ƀáŦſƔǊƣǉƩǃƁª·l
ŭŧƏǓĦ

ŘjƁŊħœĨŭ�a�ŭqƍƐƏƌũƀ
œŋƁ,ƒ¤ƉżäůǓĦ

ŐŋĦƂ¢eƾƟưǊŽŧƎ�Ũƀ¾
ų�
 ³ÈŽŧƏűžŭï�ŲƐżŨƏǓĦ

ųŸŭźż¢eƾƟưǊƂŀ!ƁĈÈ�
 �ÄjƀƂŀ�ųŬYMųſŨǓĦ

ķĻ¦ƒ�ũžŀ!ƁĈÈ� �ÄjƂ
ĤŦŀIƁ;rŽ<�ŴƏǓĦ

ƆŸĵƁL��ŭØĎųżŨƏŬ_Ę
ųżŨƐƃ<�ŭĆůſƏuûƒzŻǓĦ
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M = UTU

!x = Ux
AU−1!x = b

U−TAU−1!x = U−Tb = !b
U−TAU−1 = !A

A ≈M
A ≈ UTU

U−TAU−1 ≈ U−T (UTU)U−1 = I

!A = U−TAU−1

!A!x = !b

0(µ�Ů$n5č¦ħķĻ¦Ĩ
ĵƀāŨ¡�`Ãä,ĳĿƒÜŪƢǋƨƝǏ*
ìŴƏǐŖjǑǓĦ
űűŽŗƁƌũſœƁÚŮ�ŪƒäũǓĦ

űƐƒ�źżƊžƁĵœĴņƒSlŴƏǐŘřjǑĦ

űűŽŚŽÚŮ�ŪŸĵƁuûƒƇżƇƏǓĦ

ĿƂśƒ®ŸŴƁŽŖƌƎŜƒ®ŸŴǓĦ

ŚƀŜƒċ¸ŴƏžŝƒƇŸųÚŮ�ŪŸĵ
ƁuûƂ8�ä,ƀāŨűžŭ*ŬƏǓĦ

ųŸŭźżŞƀƌźżÚŮ�ŪŸä,ĵƁL
��ƂĮƁFƎƀ_ĘųżŨƏƊƁžÜŪƍ
ƐƏĦ

ÚŮ�ŪŸä,žƾƟưǊƀ`ŴƏĈÈ� 
�ÄjǚşƁ<�Ƃ�ŨƊƁž�oŽŮƏǓ

・・・①

・・・②
・・・③
・・④
・・⑤

・・・⑥
・・・⑦

・⑧

・・⑨

・・・⑩
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0(µ�Ů$n5č¦ħķĻ¦Ĩ
�[#ƢǋƨƝǏ*ìƀƌƏ0(µķĻ¦ƔǊƣǉƩǃƁO�lƒ�Kƀ
ÂŴǓĦ
�[#ƢǋƨƝǏ*ìƂ!Ɓä,èÑƁ�ÚƁƇƒíÎŴƏǓĦ
ǔèÑƀ`ŴƏƻƕǊƖǍƂíÎųſŨǓĦ
íÎƂä,ƾƟưǊÆǎƾƟưǊƨƛǈÆǎƾƟưǊƁGǎ&ÆǎĖÎŽ�w
ŲƐƏǓĦ
ü×ŽÂųŸ0(µČ*Ƃ0ĉ�"ǎpă�"ŽíÎŲƐƏǓ
1.ICCG法のアルゴリズム

ステップ1:　　　 αk = (ri
k •(LLT )−1ri

k )/(Api
k • pi

k )

ステップ2: 　　　 xi
k+ 1 = xi

k +αk pi
k

ステップ3: 　　　 ri
k+ 1 = ri

k − αkApi
k

ステップ4: 　　　 β k = (ri
k+1 •(LLT ) −1ri

k+1 ) /(ri
k•(LLT ) −1ri

k )

ステップ5: 　　　 pi
k+ 1 = (LLT )−1 ri

k+1 + β k pi
k
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DO)
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ŴƊůŗŘŔ

Ù�ƉE²�;
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ŻƇŜƃž
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å�#)Ɖ	
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½Å
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• ƔƽǉơǏƦǇǍƁý
�,uƒkŮ)ŴĦ

• ƽǌƪƭƤƁ8�uÝ
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ƔƽǉơǏƦǇǍƁuÝ�ċ6ƁƨƮƭƽ

1. 2.

3.1

3.2

4. 5.

�#�W	
!s

řƊŲƅ	
Á�

å�#)	

,�W¬	
4�£�D	

åW¬)£	
Eµ	

E{ļŁ	
ũƁƊűƈŜ	
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3.1

3.2

4. 5.

�#�W	
!s

řƊŲƅ	
Á�

å�#)	

,�W¬	
4�£�D	

åW¬)£	
Eµ	

E{ļŁ	
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(��xÑ!sƉźƇŪś�W!s)

(1)şƊůŁxÑŒ!sį��ŀ�ĹĶ��źƇŪś(¾¤/Ï�)ŀ!&	
(2)şƊůŁE²oÚŁE�	
(3)ŻƇŜƃžŦƊţşƊůŁÆu	
(4)��źƇŪśŁ������GŒ_e	
(5)¾¤źƇŪś�Ł¾¤�W_e(á�#/C��#/Ó!�#ĞNŀ��/N**2ŀ��¢)	
(6)Ï�źƇŪś�ŁÏ��W_e	(ŜƇƊŵƅÏ�ƉÞdÏ�ĞÞdâŀ��&ÞdÏ�/
�¡ŀ��Ğ¢)

1.

Ēĉďēø

ėęĊú

��ïíï

ėęĊù

ėęĊû

ėęĊü

��ï

��ðíï

��ðæ
æ

Ï�ï

ėęĊþ

ėęĊýæ

ûăƅƊŻ

ûăƅƊŻ

��3

���æ
���G

źƇŪśïæ
ĝè¾¤é

źƇŪśðæ
ĝè¾¤éæ

ĝèÏ�é

źƇŪśñ

E²oÚæ
ƉţŝƊƃ
ŷƄŬŕ

�¤ƉÏ�
�W

�¤ƉÏ�
¸¡Ŏ

C��#

Ó!�#

ÞdÏ�

Ăêêñŀ��

Ăŀ��

Þdâŀ��

(1)¾¤ƉÏ�źƇŪśŀĺģĻ������GƉşƊŭŕƈŜŁÁ�Œ²ģ3 Ł¾¤ƉÏ
�źƇŪśŒÁ�į�Ŀŏ äŁ¾¤ƉÏ�źƇŪśŒřƊŲƅŁ�¶ĽįĻ�ģ ı	
(2)�#�W!sŁ¨tħōTĶ6ã¹zŀHıŏ�AWŁY9Œ�ŀŧƊŞŪŮ6ãE
²oŀĞŇĶå�#E²oŀřƊŲƅĽĿŏ¾¤ƉÏ�řƊŲƅŒ�ģ ıæ

řƊŲƅÁ�2.

řƊæ
Ųƅ

Ĝ

Ĝ
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LM+MSD法における測定区間毎のスケーラビリティ

1.0

10.0

128 256 512 1024
並列数

スケ
ーラ
ビリ
ティ

全体
evolve_WFs_in_subspace
m_ES_Vnonlocal_W

betar_dot_WFs

modified_gram_schmidt

m_XC_cal_potential
m_FFT_WF

��������
������	�
������
�
��������
��������
������


źƇŪś�ŁE²oÚĽţŝƊƃŷƄŬŕÁ�(�) 
→SrŁÁ�łŠźƅƊũƈ�ƉÛi�¢ŁÁ�Ĩ>ģ 
→ŠźƅƊũƈƉÛił°ğĿ:\ļ5ŃŐŏĶŉ|įģÁ�ĨļĩĿģ
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ü*!Ŀ�#MŒTŏ�#)]�Œc�ıŏæ
üá�#Ó!ŒpI)ıŏæ
üÏ�oÚŒpI)ıŏæ
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in grid points are kept within a part and do not affect the 
communications within the other part. The number of parts is 
taken up to the number of parallelisms in orbitals. We used this 
mapping in the experiments. 

5. PERFORMANCE ANALYSIS 
The scalability and efficiency of the modified code which is 
parallelized in terms of grid points and orbitals as described above 
were evaluated with a simulation model named “Data-1,” 
depicting a SiNW with 19,848 atoms. The number of grid points 
and orbitals were 320x320x120 and 40,992, respectively. We 
used an MPI library tuned to the Tofu network to obtain higher 
performance. We also made an appropriate task mapping to the 
Tofu network.  

5.1 Performance of DGEMM 
The principal kernel of the modified RSDFT code is a DGEMM 
routine of the BLAS. We optimized the DGEMM routine so as to 
utilize the special features such as SIMD instructions and the 
sector cache and hardware barrier synchronization capability of 
the SPARC64TM VIIIfx effectively. The sustained performance of 
DGEMM on a compute node is 123.7 giga-flops, or 96.6% of the 
peak performance. In particular, we found that the computation 
time as a result of keeping the block data on the L1 cache 
manually decreased by 12% compared with the computation time 
for the usual data replacement operations of the L1 cache.  This 
DGEMM tuned for the K computer was also used for the 
LINPACK benchmark program. 

5.2 Scalability 
We measured the computation time for the SCF iterations with 

Data-1 on 12288, 24576, 26864 and 73728 cores (cases 1, 2, 3 
and 4, respectively). The number of parallel tasks is the product of 
the number of parallel tasks in space and that in orbitals. The 
number of parallel tasks in space was fixed to 1,536, and the 
number of parallel tasks in orbitals was varied from 1, 2, 3 and 6. 
Therefore, the number of parallel tasks amounted to 1536, 3072, 
4608, or 9216. 
Figure 6 plots the computation time and communication time for 
GS, CG, MatE in SD (MatE/SD) and RotV in SD (RotV/SD) . 
The horizontal axis in each figure stands for the number of cores. 
The theoretical computation time for cases 2, 3 and 4 is also 
ploted where the computation time of case1 is divided by 2, 3 and 
6, respectively. They show the scalability in the parallelization for 
the orbitals. The measured computation time becames closer to 
the theoretical computation time as the number of parallel tasks in 
orbitals increased, and GS, CG, MatE/SD and RotV/SD were 
found to be well-parallelized in orbitals. 
The communication time with respect to the parallel tasks in space 
decreased in proportion to the number of parallel tasks in orbitals, 
because the number of calls of MPI functions for global and 
adjacent communications decreased in proportion to the 
reciprocal of the number of parallel tasks in orbitals. On the other 
hand, the global communication time for the parallel tasks in 
orbitals was supposed to increase as the number of parallel tasks 
in orbitals increased. The number of MPI processes requiring 
communications for the parallel tasks in orbitals, however, was 
actually restricted to a relatively small number of compute nodes, 
and therefore, the wall clock time for global communications of 
the parallel tasks in orbitals was small. This means we succeeded 
in decreasing time for global communication by the combination 

Figure 6. Computation and communication time of (a) GS, (b) CG, (c) MatE/SD and (d) 
RotV/SD for different numbers of cores. 
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Ĝ�,ČƁ¢Y

Ë�9µíÎƁƔƽǉŽƙƴǊƞǏƷǍƱ�,ƒ�¸ųżŨƏPBƁĜ�,Čŭ¢ź
żŨƏ�Ǔ

subroutine m_es_vnonlocal_w(ik,iksnl,ispin,switch_of_eko_part) 
  |  +-call tstatc0_begin
  |  | loop_ntyp: do it = 1, ntyp 
  |  |  | loop_natm : do ia = 1, natm ---------原子数のループ
  |  |  |  +-call calc_phase
  |  |  |  |  T-do lmt2 = 1, ilmt(it) 
  |  |  |  |  +-call vnonlocal_w_part_sum_over_lmt1
  |  |  |  |  |  +-call add_vnlph_l_without_eko_part
  |  |  |  |  |  |  subroutine add_vnlph_l_without_eko_part() 
  |  |  |  |  |  |  |  T-if(kimg == 1) then 
  |  |  |  |  |  |  |  |  T-do ib = 1, np_e  ---------エネルギーバンド並列部                                              
  |  |  |  |  |  |  |  |  |  T-do i = 1, iba(ik) 
  |  |  |  |  |  |  |  |  |  V-end do 
  |  |  |  |  |  |  |  |  V-end do 
  |  |  |  |  |  |  |  +-else 
  |  |  |  |  |  |  |  |  T-do ib = 1, np_e  ---------エネルギーバンド並列部
  |  |  |  |  |  |  |  |  |  T-do i = 1, iba(ik) 
  |  |  |  |  |  |  |  |  |  V-end do 
  |  |  |  |  |  |  |  |  V-enddo 
  |  |  |  |  |  |  |  V-end if 
  |  |  |  |  |  |  end subroutine add_vnlph_l_without_eko_part 
  |  |  |  |  V-end do 
  |  |  |  V-end do loop_natm 
  |  |  V-end do loop_ntyp 
end subroutine m_es_vnonlocal_w 
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űžƀſƏǓĦ
�ċ6ŲƐŸVNą�ƁǈƖƼǈǉƒ�źżŨ
ƆŴŬǛĦ
�ċſǈƖƼǈǉž�ċ6ŲƐżŨſŨǈƖƼ
ǈǉŽƂ��uÝeŭº·ŴƏPBŭŧƏǓĦ
aŲſƯǏƫƒġÙƀVNą�ųżŨƆŵƓŬǛ

ƆžƉƏűžŭ)�Əą�ƂƆžƉżI�ƒ¬
ƍŴ�ŽǋƖƮǍƦǏƴƭƟƒì«ŴƏűžŭŽ
ŮƆŴǓĦ
VNą�ǈƖƼǈǉŽ>Ýſą�žC�ſ�
ƒė}ą�ŽÞ�ųżŨƏƌũſPBŭŧƏǓĦ
uÝƁàŨVNą�ǈƖƼǈǉƁ�¸ƒ~W
ųƆŴǓ

���

Efficiency of Mapping to the Tofu network -  Gram-Schmidt - 

Optimal Mapping  ! avoid some conflict among sub-communicators�� 
����������selected Tofu specific communication algorithm 

•  SiNW 19,848 atoms 
•  Grids  : 320x320x120 
•  Orbitals: 41,472 
•  Total process number: 12,288 

"  Grid space: 2,048(32x32x2) 
"  Orbital: 6 

•  Torus Mapping :32x32x12�

1D Optimal 3D 
Communication Wati/Orbital 12.929  8.295  
Communication Grobal/Orbital 17.118  3.726  
Communication Global/Space 33.565  3.957  
Computation 32.050  32.111  
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D�*/ 2"-1����4�"#%+;7�IUY8  

 ^-`^ 

^ .` ._ .^ ._ .�NCTM  

NICAM���2�# 20,&0[gl07 rl00agl14 rl07\�O��NC�DK
�� 

XS02$1=Z[phystep,dynstep\�NCTM�53�P�� 

DVLZ�;.1��F@9���� 

 

 

? ^.`-1 NICAM phystep ��2�# 20NCTM 

XS,&0 gl14[81920(2'\���� rd_driver!)02$1�DVLZ� 20QRH6����� 

gl7agl13Z�NC����� rd_driver!)02$1�DVLZ�G<��
	�W���� 

 

 

? ^.`-2 NICAM dynstep ��2�# 20NCTM 

(2'J�A��� dynstep �DVLZ�A��:>����XS,&0 gl14[81920 (2'\��

��]DVLZ�BE�6�����

819202048051205 20 80 320 1280
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