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• cardiac	Assue	is	an	excitable	medium	
• measuring	cardiac	dynamics	
• mathemaAcal	models	of	cardiac	dynamics	
• simulaAng	cardiac	arrhythmias	and	novel	defibrillaAon	
methods	

• parameter	esAmaAon	and	data	assimilaAon	tasks	
• synchronizaAon	based	state	and	parameter	esAmaAon	
• esAmability	analysis	of	state	variables	and	parameters	based	
on	the	delay	coordinates	map	

Outline

Towards	data	assimilaAon	in	cardiac	dynamics
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chaosspiral	waves

electrical	excitaAon	waves

ECG
Tachycardia FibrillaAon		Normal	Rhythm

plane	waves
simulaAons:	P.	BiEhn
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Response	of	an	excitable	system	to	different	s1muli	

sub-threshold		
perturbaAon		
➞	small	response

super-threshold		
perturbaAon	
➞	loop

repeated	excitaAon	
with	well	separated	
perturba1ons

no	excitaAon	by	a	
second	pulse	during	
refractory	phase B.	Lindner	et	al.	,	Physics	Reports	392	(2004)	321–424
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Excitable	Systems
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Mathema1cal	Models	of	Excitable	Media
Simple	generic	system:		The	Barkley	model

h\p://www.scholarpedia.org/arAcle/Barkley_model

D.	Barkley,	M.	Kness,	and	L.	S.	Tuckerman,	Phys.	Rev.	A	4,	2489	(1990)		
D.	Barkley,	Physica	D	49,	6170	(1991)
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Excitable	Media

http://www.scholarpedia.org/article/Barkley_model
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Excita1on	waves	(Barkley	model)	

simulaAons:		P.	BiEhn refractory	region					
(currently	not	excitable)
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Excitable	Media
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Spiral	waves	(Barkley	model)	
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Spiral	waves	(Barkley	model)	
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The	Barkley	Model	in	3D

scroll	waves
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h\p://www.scholarpedia.org/arAcle/Barkley_model

Excitable	Media

http://www.scholarpedia.org/article/Barkley_model
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exhibits	spiral	break	up	and	
spaAo-temporal	chaos
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Cubic	Barkley	Model	

Excitable	Media

Many	excitable	media	exhibit	transient	chaos:	
• lifeAme	of	chaoAc	transients	increases	exponenAally	with	system	size	
• Kaplan-Yorke	dimension	of	the	chaoAc	saddle	increases	linearly	with	
system	size	and	with	number	of	phase	singulariAes



RISDA	2017	 U.	Parlitz11

Measuring	Cardiac	Dynamics

• Membrane	potenAal	and	Calcium	concentraAon	on	the	surface	
using	fluorescent	dyes	(opAcal	mapping)	

• Shape	reconstrucAon	based	on	3	or	more	camera	projecAons	
• Electrical	signals	from	local	electrodes	(ECG	like)	
• CT	scans	for	determining	the	geometry	of	the	heart	
• Ultrasound	measurements	of	mechanical	acAvity	and	deformaAon

isolated	hearts	(in	a	perfusion	system)

intact	hearts	(within	the	body)

• Electrical	signals	from	the	body	surface	(ECG	imaging;	inverse	problem)	
• CT	scans	for	determining	the	geometry	of	the	heart	
• Ultrasound	measurements	of	mechanical	acAvity	and	deformaAon
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Tandem	lens

Light	source 
Excitation	filter

Dichroic
MiCam	Ultima	 
(2	kHz,	100	x	100	pixel,	14	bit) 
	

Phantom	V7 
(2	kHz,	600	x	800	pixel,	10	bit) 
	

VisualisaAon	of	membrane	voltage	and	Ca+	concentraAon	
using	fluorescent	dyes

Optical	Mapping



Setup

Intact	heart 
Fluorescent	dye

Optical	Mapping

Review:	Efimov,	Nikolski	&	Salama,	Circ.	Res.	(2004)

VisualisaAon	of	membrane	voltage	and	Ca+	concentraAon	
using	fluorescent	dyes

Isolated	heart	in	a	
Langendorf	perfusion	system
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MoAon	ArAfact	ReducAon

Ventricular 
	Tachycardia

Raw	data Motion	tracking Stabilized	dataRaw	data

Use	moAon	tracking	for	separaAng	electrical	wave	pa\ern	from	mechanical	moAon

Electrical	
Excitation	
Waves

J.	Christoph,	J.	Schröder-Schetelig



J.	Schröder-Schetelig4	cameras	(128x128	px	@	500Hz)

Ventricular	FibrillaAon	in	a	Pig	Heart

membrane	voltage	
(di-4-ANEPPS)

3D	panoramic	view	using
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Mathema1cal	Models	of	Cardiac	Dynamics
simple	qualitaAve	models:	 Barkley	(2),		FitzHugh-Nagumo	(2),	Aliev-Panfilov	(2),	…

detailed	ionic	models: Luo-Rudy-II	(15),	Majahan	(27),	Bondarenko	(44),	…

local	cell	dynamics	(15-30	variables,	150	-	300	parameters!)

2.1. MATHEMATICAL BACKGROUND 33

Rearranging for @Vm/@t yields the mono-domain equation
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where now D = �i/[�Cm(1 + ↵�1)]. In the limit ↵ ! 1, the definition of D is equal to

that in equation (2.11). Similarly, the ve term in equation (2.11) becomes irrelevant if �⇤
e

is a scaled �i, because then r · Drve = 0 follows from r · �⇤
erve = 0. Equation (2.11)

and equation (2.13) are thus consistent in the sense that they are equivalent when the

assumptions for both mono-domain descriptions are fulfilled.

Note that the mono-domain description (2.13) is completely equivalent to the full bi-

domain model, but numerically cheap compared to equation (2.9). Consequently, for the

case �e = ↵�i, numerical simulation of the bi-domain model is usually superfluous. There

is, however, one caveat: from the set of boundary conditions (2.10), no boundary condition

for the membrane potential alone can be derived. Also, unlike in equation (2.11), ve is

not decoupled from the membrane potential dynamics and so equation (2.10a) cannot be

enforced unless ve is calculated, which would defeat the original purpose of a mono-domain

formulation. The usual (somewhat nonphysical) solution to this dilemma is to apply the

ad-hoc no-flux boundary condition

n ·DrVm = 0 on @D. (2.14)

This is su�cient for modeling the dynamics inside a tissue domain D, where the boundary

of the domain is not meant to be a physical part of the system but rather a computational

necessity. However, it is only a valid simplification, if one can rule out any influence of the

boundary condition on the e↵ects one wants to study. Sometimes, the no-flux boundary

condition is physically justified, for example, if the extracellular space is known to be insu-

lated electrically at the tissue boundary. However, in particular in this thesis, investigating

e↵ects at the boundaries of the tissue due to the conductive connection of the extracellu-

lar space to the surrounding environment is the original purpose of the modeling. In this

case, an alternative solution is to assume that ↵ and the outside conductivity �o are large,

which decouples the corresponding potentials from the dynamics of the membrane poten-

tial and makes them parameters as seen for equation (2.11). This way, an extracellular

or outside potential (e.g., a uniform electric field) can be assumed rather than calculated,

which makes it possible to use equation (2.10a) itself or a boundary condition obtained

by subtracting equation (2.10c) from equation (2.10a):

n ·Dr(Vm + ve) = 0 on @D (2.15)

or

n · ↵�i|{z}
=�

e

rVm = �n · �orvo on @D (2.16)

The second boundary condition (2.16) will be used in section 3.2 to study the e↵ect of

electric fields near boundaries of the tissue. As for the bi-domain model (2.9), the mono-

see	Scholarpedia	arAcle	by	F.	Fenton	and	E.	Cherry	discussing	45	models	of	cardiac	cells

generic	qualitaAve	models:	 Fenton-Karma	(3),	Beeler-Reuter	(8),	…

Iion(Vm,h) =
�

x

Ix(Vm,h) + Iinjection

ionic	currents	

Very	detailed	models	may	suffer	from	“overfiEng”	and	are	not	very	robust.	

➙	S.O\e	et	al.,	Commun.	Nonlin.	Sci.	Numer.	Simulat.	37,	265	(2016)



Electro-mechanical	Modeling

• Deformable	Reaction-Diffusion	System 
• Electrophysiology	(Fenton-Karma,	detailed	ionic	model) 
• Tissue	mechanics	(FEM,	discrete	particle	model) 
• Parameter	estimation	&	model	validation

Segmentation	&  
discretization

Local	fiber	orientation, 
vasculature,	etc.

μCT
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Simula1ng	Cardiac	Arrhythmias		

for	Developing	Novel	Diagnos1c	and		
Defibrilla1on	Approaches
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• Most	common	deadly	
manifestaAon	of	cardiac	
disease	

• 100.000	–	200.000	sudden	
cardiac	deaths	(SCD)	in	
Germany	per	year	

• Requires	immediate	
defibrillaAon	using	high-
energy	shock

Ventricular	FibrillaAon	(VF)		

J.	Schröder-Schetelig

Cardiac	Arrhythmias



RISDA	2017	 U.	Parlitz

Electric	shocks:		energy		360J	(external)			40	J	(internal)	
• 																										1000	V	30	A	12	ms	
Severe	side	effects:					Assue	damage	-	traumaAc	pain
G.P.	Walco\	et	al	ResuscitaAon	59	59-70	(2003)

20

Defibrilla1on
Cardiac	Arrhythmias

ICD  
housing

electric	 
field

electrode

external
internal

Principle:			Reset	electrical	acAvity	
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Super-threshold	depolarizaAon		leads	
to	wave	emission	if	a	short	rectangular	
electric	field	pulse	is	applied.

E"

21

Blood	vessels,	scars,	fa\y	Assue	
• are	obstacles	to	electrical	conducAon	
• may	act	as	virtual	electrodes		
			(Pumir&Krinsky,	J.	Theor.	Biol.	199,	311	(1999))

Cardiac	Arrhythmias

Virtual	Electrodes
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Recrui1ng	Virtual	Electrodes	for	Termina1ng	Cardiac	Arrhythmias

AnimaAon:	T.	Lilienkamp

Cardiac	Arrhythmias

E
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Pulse	Generator	
Power	Amplifier

-80	20 mV

Membrane	PotenAal

1	cm	

Low-Energy	An1-Fibrilla1on	Pacing	(LEAP)

N	=	5	low	energy	pulses		
E	=	1.4	V/cm	
dt	=	90	ms

Energy	reducAon:	82	%

23

S.	Luther	et	al.,	Nature	475,		235	(2011)
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myocard infarction     `

120-80

membrane potential

mV

myocard infarct

myocard

Simula1on	using	a	MRT-based	heart	model

T.  Lilienkamp

Cardiac	Arrhythmias
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Parameter	Es1ma1on	and	Data	Assimila1on	Tasks

-	for	isolated	hearts	in	a	Langendorf	perfusion	system
reconstruct	intramural	dynamics	(inside	the	heart)	from		
• surface	informaAon	employing	fluorescent	dyes																																																													
(voltage,	Ca+,	mechanical	stress	and	strain)		

• ultrasound	imaging

-	for	intact	hearts	(inside	the	body)
reconstruct	dynamics	of	the	heart		
• electrical	wave	pa\ern	using	extra	corporal	electrodes																											
(on	the	surface	of	the	body)	➙ ECG	imaging	(Y.	Rudy,	1999)	

• mechanical	deformaAon	and	moAon	from	ultrasound	imaging

- -	for	improving	simula1on	models
• parameter	esAmaAon	for	cardiac	cell	models				
• model	evaluaAon
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Synchroniza1on	based	state	and	parameter	es1ma1on

• drive	the	model	with	the	Ame	series	using	a	suitable	coupling	term	
• minimize	synchronizaAon	error	by	adjusAng	parameters

U.	Parlitz,	Phys.	Rev.	Le\.	76,	1232	(1996)	
U.	Parlitz	et	al.,	Phys.	Rev.	E	54,	6253	(1996)

Experiment	or	Model (Computer)	Model

ẋ = f(x, p)

q → p ⇒ lim
t→∞

∥x(t)− y(t)∥ = 0

s = h(x)

ẏ = f(y, q) + c(s � h(y))

D.	Rey	et	al.	Phys.	Le\.	A	378,	869		(2014)
D.	Rey	et	al.	Phys.	Rev.	E	90,	062916	(2014)
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• no-flux	boundary	condiAons		
• implementaAon	of	the	PDE	integraAon	scheme	on	a	graphics	
processing	unit	(GPU)	resulAng	in	a	speed	up	of	a	factor	50-100

SynchronizaAon	Based	State	and	Parameter	EsAmaAon

@u
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a = 0.75 b = 0.08 " =
1

12

cubic	Barkley	model
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Example:		Excitable	Media

S.	Berg	et	al.,	Chaos		21,	033104		(2011)
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Uni-direcAonal	local	coupling		
			“experiment”	➙	“model”	
using	sensors	and	controllers	

M.J.	Hoffman	et	al.,	Chaos	26,	013107	(2016)
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grid	of	size:	294×294			-			sensor	sizes:	6×6	grid	points		-	sensor	spacing		3	grid	points

	freely	running	
Cubic	Barkley	model

	driven difference
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t=0

t=2
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SynchronizaAon	Based	State	and	Parameter	EsAmaAon
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Typical	noisy	chaoAc	
sensor	signal	(SNR=	12dB)
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Parameter	space	of	the	
response	Barkley	system	
with	contour	curves	
showing	the	averaged	
synchronizaAon	error	

true	valuesS.	Berg	et	al.,	Chaos		21(3),	033104		(2011)
a a

b
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SynchronizaAon	Based	State	and	Parameter	EsAmaAon
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model	parameter	
space	with	contour	

lines	of	the	
synchronizaAon	error
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Cardiac	Cell	Culture	Experiment	drives	Barkley	Model

T.K.	Shajahan	
S.	Berg

SynchronizaAon	Based	State	and	Parameter	EsAmaAon
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Es1mability	analysis	of	state	
variables	and	parameters	based	on	

delay	coordinates	map
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Example: Colpitts Oscillator

nonlinear electronic oscillator

model equations

twin-experiment: simulated data (first model variable)

  

Example: Colpitts oscillator

● Nonlinear electronic oscillator1

● Model equations

● Twin-experiment: simulated data              (no noise) of +rst 

model variable

● Measurement function 

1) M. P. Kennedy, IEEE Trans. Circuits Syst. 41, 771 (1994)

  

Example: Colpitts oscillator

● Nonlinear electronic oscillator1

● Model equations

● Twin-experiment: simulated data              (no noise) of +rst 

model variable

● Measurement function 

1) M. P. Kennedy, IEEE Trans. Circuits Syst. 41, 771 (1994)

Estimability

measurement function h(x) = x1

optimization (4D-Var)

J. Schumann-Bischoff and U. Parlitz, Phys. Rev. E 84, 056214 (2011)



RISDA	2017	 U.	Parlitz34

Example: Colpitts Oscillator

  

estim. 5573 0.00016 0.700 2.79

data

Example: Colpitts oscillator
result of estimation

measured time series is 
successfully reproduced

Estimability
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Example: Colpitts Oscillator

  

estim. 5573 0.00016 0.700 2.79

data 5 0.08 0.7 6.3

Example: Colpitts oscillator
comparison with the true solution

Estimation fails (except for x1 and p3)!

Estimability
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Success in parameter and state variable estimation depends on 
• measured variable (observable) 
• particular variable or parameter to be estimated

Which variables or parameters of a given model can 
be estimated using a given time series (observable) ?

 ➙ Observability / Identifiability / Estimability

Estimability
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Investigating Estimability Using Delay Coordinates

Estimability

x(n+ 1) = g(x(n))

 times series {s(n)} s(n) = h(x(n))with (n = 1, . . . , N)

M -dimensional discrete system

y = (s(n), s(n+ 1), ...., s(n+D � 1)) = G(x) 2 RD

D-dimensional delay coordinates

G
x

y

RM RD

delay coordinates map G : RM � RD
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Estimability

G
x

y

RM RD

x = G�1(y)

delay coordinates map G : RM � RD

Jacobian matrix DG(x) Gof has  full rank

i.e., if its null space (kernel) is zero dimensional.

State variables xi can be recovered from the observed time series s
if the delay coordinates map G can be locally inverted, i.e. if the

U.	Parlitz	et	al.,	Phys.	Rev.	E	89,	050902(R)	(2014);	Chaos	24,	024411	(2014)
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Estimability

maps perturbations of     in delay reconstruction  
space to deviations from the state    

y
x

DG�1(y)

state space reconstruction space

x y
DG�1u(j) = 1

�j
v(j)

DG(x) = U · S · V tr

u(1)
u(2)

1
�1
v(1)

1
�2
v(2)

delay coordinates map

uncertainty of variable xm

⌫m =
q
[DGtr ·DG]�1

mm =
q
[V · S�2 · V tr]mm

�1

�2
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Detecting estimable and redundant parameters

Estimability

w = (x,p)unknown quantities

delay coordinates map

g = G[w] =
[
x1(t), x1(t+ τ), . . . , x1(t+ (K − 1)τ)

]tr

transformation of perturbations DG ∆w = ∆g

perturbations of w = (x,p) within the null space 
of DG have no impact on the observations DG∆w = 0

Vanishing components of basis vectors of the null space 
indicate estimable parameters and (groups of) redundant 
parameters and variables.

Schumann-Bischoff et al.,  Phys. Rev. E  94, 032221 (2016)
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mathemaAcal	model	
local	cell	dynamics	+	diffusion	
electro-mechanical	coupling	

mechanical	moAon

41

CT	scan	
↓		

geometry

ultrasound		
↓ 

	mechanical	moAon

fluorescent	dyes		
↓ 

voltage,	Ca+,	mechanics
isolated	heart,	surface	only

electrical	sensors		
↓ 

	electrical	wave	pa\ern	
ECG	imaging

parameter	esAmaAon		
model	evaluaAon

Data	Assimila1on	and	Parameter	Es1ma1on	in	Cardiac	Dynamics

Summary

synchronizaAon	
esAmability

excitable	medium
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Summary
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