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5.2 Research Activities

Our research field is physics of elementary particles and nuclei, which tries to answer questions in
history of mankind: What is the smallest component of matter and what is the most fundamental
interactions? This research subject is related to the early universe and the nucleosynthesis through
Big Bang cosmology. Another important aspect is quantum properties, which play an essential role
in the world of elementary particles and nuclei as well as in the material physics at the atomic
or molecular level. We investigate nonperturbative properties of elementary particles and nuclei
through numerical simulations with the use of lattice QCD (Quantum ChromoDynamics). The
research is performed in collaboration with applied mathematicians, who are experts in developing
and improving algorithms, and computer scientists responsible for research and development of
software and hardware systems.

Lattice QCD is one of the most advanced case in quantum sciences: Interactions between quarks,
which are elementary particles known to date, are described by QCD formulated with the quantum
field theory. We currently focus on two research subjects: (1) QCD at finite temperature and finite
density. We try to understand the early universe and the inside of neutron star by investigating the
phase structure and the equation of state. (2) First principle calculation of nuclei based on QCD.
Nuclei are bound states of protons and neutrons which consist of three quarks. We investigate the
hierarchical structure of nuclei through the direct construction of nuclei in terms of quarks.

Successful numerical simulations heavily depend on an increase of computer performance by
improving algorithms and computational techniques. However, we now face a tough problem that
the trend of computer architecture becomes large-scale hierarchical parallel structures consisting of
tens of thousands of nodes which individually have increasing number of cores in CPU and arithmetic
accelerators with even higher degree of parallelism: We need to develop a new type of algorithms
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and computational techniques, which should be different from the conventional ones, to achieve
better computer performance. For optimized use of K computer our research team aims at (1)
developing a Monte Carlo algorithm to simulate physical system with negative weight effectively
and (2) improving iterative methods to solve large system of linear equations. These technical
development and improvement are carried out in the research of physics of elementary particles and
nuclei based on lattice QCD.

5.3 Research Results and Achievements

5.3.1 QCD at finite temperature and finite density

Establishing the QCD phase diagram spanned by the temperature T and the quark chemical potential
µ in a quantitative way is an important task of lattice QCD. We have been working on tracing the
critical end line in the parameter space of temperature, chemical potential and quark masses in 3
and 2+1 flavor QCD using the O(a)-improved Wilson quark action and the Iwasaki gauge action.
As a first step we have determined the critical end point at zero chemical potential µ = 0 in 3 flavor
case. Our strategy is to identify at which temperature the Kurtosis of physical observable measured
at the transition point on several different spatial volumes intersects. This method is based on the
property of opposite spatial volume dependences of the Kurtosis at the transition point between
the first order phase transition side and the crossover one. We have obtained TE=133(2)(1)(3)
MeV and mPS,E=306(7)(14)(7) MeV for the temperature and the pseudoscalar meson mass at the
critical end point. This is the world’s first determination of the critical end point in 3 flavor QCD
providing a significant step forward in our understanding of the phase diagram. As a next step
we have investigated the phase structure in the presence of finite chemical potential µ 6= 0 in 3
flavor QCD[4]. We have successfully determined the curvature of the critical end line on the µ/T -
(mPS)2 plane near the vanishing chemical potential employing the Kurtosis intersection method and
the multi-parameter reweighting method. After the investigation with and without the chemical
potential in 3 flavor QCD, we embark on the determination of the critical end line of the finite
temperature phase transition in 2+1 flavor QCD. We first focus on the behavior of the critical end
line around the SU(3) symmetric point (mud = ms) at the temporal size NT = 6 with the lattice
spacing as low as a ≈ 0.19 fm[5]. Figure 5.1 plots the critical end line on the m2

π-m2
ηs plane, where

the pink line indicates mud = ms (mπ = mηs). We confirm that the slope of the critical end line takes
the value of −2 at the SU(3) symmetric point, and find that the second derivative is positive. At
present our investigation is extended to wider range of quark masses away from the SU(3) symmetric
point.

5.3.2 Nuclei in lattice QCD

In 2010 we succeeded in a direct construction of the 4He and 3He nuclei from quarks and gluons
in lattice QCD for the first time in the world. Calculations were carried out at a rather heavy
degenerate up and down quark mass corresponding to mπ=0.8 GeV in quenched QCD to control
statistical errors in the Monte Carlo evaluation of the helium Green functions. As a next step we
investigated the dynamical quark effects on the binding energies of the helium nuclei, the deuteron
and the dineutron. We performed a 2+1 flavor lattice QCD simulation with the degenerate up and
down quark mass corresponding to mπ=0.51 GeV. To distinguish a bound state from an attractive
scattering state, we investigate the spatial volume dependence of the energy difference between the
ground state and the free multi-nucleon state by changing the spatial extent of the lattice from 2.9
fm to 5.8 fm. We observed that the measured ground states for all the channels are bound. This
result raises an issue concerning the quark mass dependence. At the physical quark mass, namely
in experiment, there is no bound state in the dineutron channel. So we expect that the bound
state in the dineutron channel observed in our simulation at mπ=0.51 GeV may disappear at some
quark mass toward the physical value. A new simulation at mπ=0.30 GeV, however, reveals that the
ground states in all channels are bound states showing rather weak quark mass dependence in the
region from mπ=0.30 GeV to 0.51 GeV[9]. In order to understand the quark mass dependence more
systematically, we are currently working on the calculation of the binding energies for the helium
nuclei, the deuteron and the dineutron at the physical point on a 964 lattice. Figure 5.2 shows a
preliminary result for the effective energy difference of 3He nuclei, which should represent the binding
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FIG. 4. Results for the critical endpoints in the plane of 1/l and 1/s (black open circles). Also shown (red squares) are the
points where zero temperature simulations are carried out to calculate hadron masses. SU(3)-symmetric line is drawn in pink,
while for green and blue lines the sum of three quark masses is constant.

FIG. 5. CEL in the plane of (
p

t0m⇡)2 and (
p

t0m⌘s)2 and the slope along CEL calculated by the fit in eq. (7). Pink line
denotes the line of SU(3) symmetry ( Nf = 3). Three types of polynomial fitting results are overlapping in upper plot.

[11] X. -Y. Jin, Y. Kuramashi, Y. Nakamura, S. Takeda and A. Ukawa, Phys. Rev. D 91, 014508 (2015) [arXiv:1411.7461
[hep-lat]].
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Figure 5.1: Critical end line on the m2
π-m2

ηs plane (top) and the slope along the critical end line

(bottom).
√
t0 denotes the Wilson flow scale.

energy in large time region. Although the statistical precision is not sufficient at this stage, we plan
to diminish the error bars with increasing statistics.

5.3.3 Development of algorithms and computational techniques

Application of z-Pares to lattice QCD on K computer

Eigenvalue problem for a given large sparse matrix is common across various computational sciences
including lattice QCD. Sakurai group in University of Tsukuba, who has been working on the eigen-
value problem for sparse matrices for a long time, is now developing a software package for massively
parallel eigenvalue computation for sparse matrices called z-Pares (short for Complex Moment-based
Parallel Eigen-Solvers). We have applied z-Pares to a large scale calculation of lattice QCD on K

computer. We need to solve the Wilson-Dirac equation D~x = ~b in lattice QCD, where D is an
N × N complex sparse non-Hermitian matrix with N the number of four dimensional space-time
sites multiplied by 12. In current typical simulations the dimension N is O(109). z-Pares implements
a complex moment based contour integral eigensolver: It computes eigenvalues inside a user-specified
discretized contour path on the complex plane and corresponding eigenvectors. In most cases of lat-
tice QCD calculations our interest is restricted to O(10) eigenvalues around the origin so that lattice
QCD should be a good example of application of z-Pares. Figure 5.3 shows a test study comparing
the analytic results (black crosses) and the numerical ones (red circles) for the eigenvalues of the
free (without interactions with gauge fields) Wilson-Dirac matrix on a 964 lattice. We observe both
results show good agreement inside the contour. In Fig. 5.4 we plot the numerical results for the
eigenvalues of the O(a)-improved Wilson-Dirac matrix on a 964 lattice used for a state-of-the-art
calculation in lattice QCD, whose configuration properties are explained in Ref. [15]. We find four
eigenvalues (red circles) near the origin. We are now working on an algorithmic improvement to
efficiently solve the shifted Wilson-Dirac equation on the discretized contour.

Tensor network scheme in path-integral formalism

The Monte Carlo simulation of lattice gauge theory is quite powerful to study nonperturbative
phenomena of particle physics. However, when the action has an imaginary component like the θ
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Figure 5.2: Effective energy difference for 3He nuclei as a function of time. Solid line indicates the
experimental result for the binding energy.

Eigenspectrum calculation of the Wilson-Dirac operator H. Sunoa,b
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Figure 1: Left: Eigenvalues of the free-case Wilson-Dirac operator in a 83× 16 lattice for the hopping
parameter κ = 1/8. The eigenvalues obtained from the SS method are indicated as red circles, those obtained
from the analytical expression are indicated as black crosses. Green (blue) asterisks indicate the quadrature
points z j for which the BiCGStab algorithm converges (does not converge) to less than 10−14 of the relative
residuals norms with 1000 iterations. Right: The same as in the left panel, but for the lattice size 964.

flavor QCD simulation near the physical point on a 964 lattice [7] with the hopping parameters
(κud,κs) = (0.126117,0.124700) and cSW = 1.110. The other details are given in Ref. [7]. The
right panel of Fig. 2 shows the eigenvalues calculated by the SS method for the hopping and im-
provement parameters κ = 0.126117 and cSW = 1.110. We have used the parameters for the SS
method (N,L,M) = (32,16,16), and the maximum number of BiCGStab iterations 30000 for solv-
ing the shifted linear equations. The relative residual norms of the eigenvalues have been found to
be around 5×10−4.

4. Summary

In this work, we have exploratorily developed a computer code for calculating eigenvalues and
eigenvectors of non-Hermitian matrices arising in lattice QCD, using the Sakurai-Sugiura method.
We have applied our implementation to calculating low-lying eigenvalues of the O(a)-improved
Wilson-Dirac operator with gauge field configurations for the free case and those generated in
quenched approximation and in full QCD. Eigenvalues have been obtained with relative residual
norms from about 10−7 to 5× 10−4, with the accuracy being limited by the slow convergence of
the BiCGStab algorithm for solving the shifted linear equations. A more efficient shifted linear
equation solver is desirable in order to improve the accuracy of these eigenvalues. We are actually
carrying out implementation of a Krylov subspace iterative method specifically for solving shifted
linear systems [8].
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Figure 5.3: Eigenvalue distribution of the free (without interactions with gauge fields) Wilson-Dirac
matrix on a 964 lattice. κ is a parameter to control the mass of the Wilson quark. Green and Blue
star symbols denote the discretized contour around the origin of the complex plane. Black crosses
denote the analytic results for the eigenvalues and red circles is for the numerical ones obtained by
z-Pares.
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Figure 2: Left: Eigenvalues of the O(a)-improved Wilson-Dirac operator in a 83×16 lattice for the hopping
parameter κ = 0.1493 and the improvement parameter cSW = 1.6, with gauge field configurations generated
in quenched approximation. The eigenvalues obtained from the SS method are indicated as red circles.
Green (blue) asterisks indicate the quadrature points z j for which the BiCGStab algorithm converges (does
not converge) to less than 10−14 of the relative residuals norms with 1000 iterations. Right: Eigenvalues of
the O(a)-improved Wilson-Dirac operator in a 964 lattice for the hopping parameter κ = 0.126117 and the
improvement parameter cSW = 1.110, with gauge field configurations generated in a full QCD simulation.
The eigenvalues obtained from the SS method are indicated as red circles. Green (blue) asterisks indicate
the quadrature points z j for which the BiCGStab algorithm converges (does not converge) to less than 10−14

of the relative residuals norms with 30000 iterations.
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Figure 5.4: Same as Fig. 5.3 for the O(a)-improved Wilson-Dirac matrix in 2+1 flavor QCD.

term, it suffers from the numerical sign problem, failure of importance sampling techniques. The
effect of the θ term on non-Abelian gauge theory, especially quantum chromodynamics (QCD) is
important, because it is related to a famous unsolved problem, strong CP problem. The difficulty
is also shared with finite density lattice QCD. So development of effective techniques to solve or
by-pass the sign problem leads to a lot of progress in the study of the QCD phase diagram at finite
temperature and density. The tensor network scheme is a promising theoretical and computational
framework to overcome these difficulties. So far we have developed the Grassmann version of the
tensor renormalization group (GTRG) algorithm in the tensor network scheme, which allows us to
deal with the Grassmann variables directly. The GTRG algorithm was successfully applied to the
analysis on the phase structure of one-flavor lattice Schwinger model (2D QED) with and without
the θ term showing that the algorithm is free from the sign problem and the computational cost
is comparable to the bosonic case thanks to the direct manipulation of the Grassmann variables.
This was the first successful application of the tensor network scheme to a Euclidean lattice gauge
theory including relativistic fermions. Toward the final target of 4D QCD we are currently working
on three research subjects in the tensor network scheme: (i) non-Abelian gauge theories, (ii) higher
dimensional (3D or 4D) models, and (iii) development of computational techniques for physical
observables. Figure 5.5 presents a preliminary result for analysis of the phase transition in the 4D
Ising model. The precision of the GTRG algorithm is controlled by the parameter Dcut. We observe
that the critical (inverse) temperature Kc converges close to the previous Monte Carlo result (blue
line) as Dcut increases. It should be noted that our result is directly obtained on a 10244 lattice,
while the Monte Carlo result was obtained by extrapolating the data on 804 and smaller lattices to
the thermodynamic limit.

5.4 Schedule and Future Plan

5.4.1 QCD at finite temperature and finite density

We are now investigating the phase structure in 2+1 flavor QCD with the Kurtosis intersection
method and the multi-parameter reweighting method. The first target is to determine the critical
end line on the mud-ms plane. Especially, we are interested in small mud region.

5.4.2 Nuclei in lattice QCD

So far our study reveals that the dineutron channel is a bound state at heavier quark masses corre-
sponding to mπ ≥ 300 MeV. We currently make a large scale simulation at the physical quark mass.
We are also investigating possible sources of the systematic errors.
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Figure 5.5: Dcut dependence of critical (inverse) temperature Kc in 4D Ising model on a 10244

lattice. Blue line denotes the previous Monte Carlo result.

5.4.3 Development of algorithms and computational techniques

Application of z-Pares to lattice QCD on K computer

In collaboration with Sakurai group at University of Tsukuba we work on an algorithmic improvement
to efficiently solve the shifted Wilson-Dirac equation on the discretized contour.

Tensor network scheme in path-integral formalism

We are now try to apply the tensor network scheme to various spin models and non-Abelian lattice
gauge theories on higher dimensions. It is also an interesting subject to apply the GTRG method to
the chiral fermion.
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