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ERETIVIET —FERMEICEERZHF-EE-LOTHLHINE
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O </La78EERE (Markov random field: MRF)

O XA 71yt —7%2 (Bayesian network; BN)
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MRF BN
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IRILEF—BEBDFDELR
C(v)= -2 @;(v) _{Z Yii (Vi’Vj)

. ieV i,j}eE

J/

&/—RZEDORE %-'J.>7CY&0)ZIZI~

DO (V) =D, (V) + D, (V,)+ Dy (Vy) +o- -+ Dy (V) « BTD/—FITXE S BN

ieV

2 (Vv ) = ¥ gy (Vo )+ W (V¥ + ¥ o (Vor Vs ) +00 = ETDU LI ISH S B
i,jleE




TILATERIFODE A

gL E

| T)LF—BIE (I RNEE R |

24 [ 141

():_ZCD( ) ZTIJ(VV)

\Ié/ IJEE

&/)—

I~_t0):|ZI~ :§|)/7_&0):|ZI~

(

2 (5

SERRA)

~C(v))

S RTOERDER

5537




éj\ﬁEF*ﬁ %Ité& 25/ 141

RS HDBRIBIEFEERIATI-ODDEH

/

Z p(v) =1 ZHBOEBETHELENTRATOEAE DY
DOHMIFLT 1 I1ZEHENSEH

TRTOEHN 0N 1 D2EEXWMDHIGE

2.0)=2, 2 2 ()

v=01v,=01 v,=0]1

> P Zexp( (V))=1eZ = Zexp( C(v))
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BRI SGEEEoT=D=5H2M? ?

P(v) =2 exp(~C(v))

PIRIE AT OEEEHA 3 BTHHLIPRREELS v ={v, {0,1}|i=1,2,3]
v [& 000, 001, 010, ..., 111 D&t 28 =8 /\Z—2%¢&D
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MRE [ 4 4305L0DEH
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MRE [ 4 4305L0DEH
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MRF [ZIES SR LELBIO RIS AEIL ?

< /)La7ESEETH)LA (Markov chain Monte Carlo: MCMC) &
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TDMDERIT N TEFRHELT
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o 1-oLHEER MRF
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P(v|b,w):z(l’ exp(Zb ZW,JV,VJ}

eV {I j}eE

V. € {0,1}

(vib,w)==>"bv, - Z W, V,V,

eV j}eE
IRIILF—FEEMENTEERNFL

HL b, > 0 ABIEB/ATMIICIZ v =1 THIZ b, <0755 v, = 0 A FEZREM(C

=1
HLw; >0%5[E v, =1&Y, =1 ABFTMIZITHERAZL
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IV T2 [Ackley et.al., 85]

36 /141

IRIILF—BEF D) ODIED

KR T DEHFELEE

EAHAHLTLNS




RIS Y
[ZX9 5
AT S



&AlT—74

38 /141

N given (n dimensional) data points: 0100101---001] gV
(2)
D={d%d?,....d"}, d* ={d{,d},...d"} (1011011111 d
N datarpoints n dimensional data point

0010011---101] d™
n
FNENDT—REHIERETILNSIILICEREINTINSET S
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g generate (i.i.d.)
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=L E (maximum likelihood estimation: MLE)
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RETHIEM T E DEKRNBEZ S

=L E (maximum likelihood estimation: MLE)

SNE=TS

BT —2ZERT BIC

BMP(v|8)

FoEELEELUVERIZHZESIZ/85A—4%FES S

RGBT —2EEDETILDLERSNT-EEZ D=0
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D= {d(l),d(z) ..... d(N)}, di) = {dgu)’d(zu) ..... d(ﬂ)}
. | :

dimensional data point

N data points

BT —2ERLRTT (NRIT) OREEZEHELD BM 2AET
P(V]@) v={V,V,,....V,}
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P(v —d®) 9) « MRFA 4 BEDT—HEERT AR
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Lo (0)=T]P(v=d"10)

\_ #=t Y,

RELE-Z2EETILN
KRBT —3TER T HHEER

gAlT—2tyb L T—BLELLLVETIL

\ 4

LEBBMEEARET D/INTA—FEDEZDETIL

X AT AEVNEERTIEEN-BSVETIL



45 [ 141
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0" =argmax L, (6)

0
- J
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P(v|0") AEUAIT—2ISRLT—FALLLLET L
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(ETILERETDRAT) FRIERIC—FHEWNETIL
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HIL\wH-S54TS5— (Kullback-Leibler: KL) |53k ~

2DONMEERSH P EQIZXLT

2DMNDHESR

O(PIQ)=XP(v)in
(V)
. /
D(P(|Q)>0|« &
D(P[|Q)=0 iff P(v)=Q(V)[« 22DHEEMN—ETHLEFO0

D mEIDHEEDIERELTHEASNDS
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D ={d(1),d(2),...,d(N)}, d® = {diﬂ)’d(zﬂ),.“’d(ﬂ)}

o v o J

N data points n dimensional data point

N

Ho (V)= 28(v,d" ) « BAF—SORT (ERRTSL)
u=l #5857 %n (emprirical distribution)

1 (V:d(ﬂ))
SOy hH—DT IIL2REEEK 5(V’d(ﬂ)): 0 ( q! ))
v=d¥

X HREBNERDOESET1IVIDTILIERIZGS
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BERAM H, (V) EFEBETILP(v|0) EDOEDKLIEIRE

5 Ho (V)
HollP)=2Ho (V)ing 1)

Hy [[ P ZH V)InH, (v)- 1,(0)

0z F';EIPF?&L\IE

N

(RL#E) = (KLIFER=Da/ME)
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FRIHER(ERETIV) ERROMITLLRINANESS

P(v]|8) B5/85 A — 5 FEALI= & > T B2

RLHTETKRELSIETIL
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v +{i%; WijViVj] v, {01)
HMAERYR 0 ={b,w}

)= bE,[v]+ D wE | vy, |-InZ(6)

eV | j eE

m

N N
Eo[--]« BRAT—2DERTFEY [e.g. ED[vi]=%de“), ED[ViV']:%ngﬂ)d(jﬂ)j
u=1
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8Igé-0) e fl-E[ ], T (0)

i ij

=E, [vivj]— E[vivj |0]

A ERBERENEITNIEEIVDOTHE L F %

MO AEEEIENE D flEE
ETILIZTHE—RRBIIZERNSFER
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E,[vi|]=E[v,|0], E, [vivj] = E[vivj |0]
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ELVShITT

OAVE 1 —3%F>THELRE

b « b +£(Ep [vi]-E[ v, [0™])

W™ WiCJ_’ld + g(ED [Vivj ] —E |:Vivj 19" ])
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INGA—ZIZBAL TMBE 7D T

JRERIZ(F
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MRF [Za>Ea1—42E23> (CV) EDINI—2U BB TD
ABAE —RETILIZHYIRSH TS

MRF BRI GYENRIGNT=ETIL
O/
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g P

ARG IZE->TIILADERGNZLELTER-OMN?
S ETIKIFEAEFIASNTE TGN >T=DOM ?
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N4

e

RETLICBN TS EH EERA T QRS |

EHDOHEENLETH
E[v,|0]=> v,P(v]6)
!

S()=23Y «ERAELT RTEOMBEHEIZET S

ZEHM0orl DINAF)fETBHE

COMIE 2" EDIEDFIZIESD
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MMV HESENEINGZYER !

RIZ1IPEIZ1ERORLENAIEETHLOPCHHSET S

2" BDEREICHELRREIL... (ﬁ%

n__________time

Gl =PV IAS

%E?I%ﬁ;i%& Z3% 10 ;’ﬁ’g 0.00001 ﬂ\
3 FLETETELL
30 £30.18 %
50 %9130 B
70 1 37T HAF &

100 ) 4FE &£
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BM T I E 7 J)LO ) X Lz ssssnTing

W R (R ME;% (belief propagation) [Yasuda & Horiguchi, 06]

ARSI RT4T - F 4/3— 2 X (contrastive divergence; CD) [Hinton, 02]
selllix L& (pseudo likelihood estimation; PLE) [Basag, 75]

& &A% (composite likelihood estimation) [Lindsay, 88]

A7 - yF % (score matching) [Hyvérinen, 05]

B/INFEZERF (minimum probability flow) [Sohl-Dickstein et. al., 11]

WLERELTHILOFES % (spatial Monte Carlo integration) [Yasuda, 15]
etc.
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EREZHNEHGEDEREDIZED MRF

EfFREORILYTTI)

1 1
P(v|4,b,w)= Zbw) exp[—az;ﬂ,lvi%r;b Z W,Jv,vjj (4 >0)

V, € (o0, +00) « HER I HASEHIE
ERIEE MRS TR S

— &2

Ao (i=1])
Z(i,b,w):exp(%bTC1bj\/(27z)[vdetc1 Cy=1-w ({i.i}<E)

0 (otherwise)

J\

HOToTST4HILETIL

(Gaussian graphical model; GGM)
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GGM [ZZRITDHI A%

1 1 T
P(v|2,b,w)=\/(2ﬂ)w|dew1 exp(—a(v—m\) c(v_m)j

m=C™b
B & TH BB S AT A

Elv, |0]=f V,P(v]4,b,w)dv=m,

E :vf |0] = _[_Oo ViP(v]|4,b,w)dv=C; +m’

E|vyv;|0]= _[_O:Oviij(v | 2,b,w)dv=C;"+mm.

C;' « 1351 C O#TFH C* O (i, j) K%
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P(v]4,b,w)=

exp(—%(v—m)T C (v—m)j

J(27)" detc

/o E—UREEHRIEL

m=C™b
HEBAD A

BEZHhD !
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« ZROE (EABRF)IRICIERonT-ESE)L (pixel) &L
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[Asari et. al., Master Thesis,14]
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FRRDEVEIET —RENTGA—EINLELIZFTETELHN

$E2I1813 RBM QHEAFETHA-OHEAEHLEEROEENETD

X E1EIHETEEDIIRBMD 2T STHEEDEMNFTHD
—BRDBEDENEHHY BM OBSIIF1EOHEICSVWTEHAAEHhEBREDOBEEELD
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XTI RY LT R U HER B T %
ARSI RAT4TF A /1\— 2 X (contrastive divergence; CD)
FERENEEICES THRLEENLGYIZBRLDTESERLTWS

RBM M EBEEADEADEODOILZBRI 7L X L

FYBRED BT ILTY XL SHIZRSN TETLEA
HEARMEDOERANLEHTREMIZRDE

W[FYFEZ CD BMNFUVARWER OIS (FAR)
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h EHFEHIOEE KLY
o (v]h) l T b (h1v) o -
FADENMNSEORADEBD Y TN)H
V NETHEH

AIRERDEEDIHENSHFELT

By T TE+45

ey IR 9™ (FRFEAME])

EEOMIE
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zZHFLTLK
Vk Vi1

AIfREMEBNERICHET IV T ILRTEN TN S RIEL-ET D

{ } { h(z)},...,{v(s),h(s)}

‘/ont=HoJ) ZARFEHT RBM mﬁﬂﬁrﬁli FElEND
(:E/Tjj)lxliﬁﬁ

1< 13,
ERsm[ViW]ngVi(), ERBM[hjlg]ngh(j);

r=1 r=1

o [V, 10] = > v

r=1

S > DESITRBD AR TERE
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AL THEZAREINIEENDEN
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PHELELTLEL
LHOEEETLILENH L=

STEARMIERICELGE>TLED

S >0 DESITRHBDERTERE
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L EBDOWHRENS

DHFEZLHD

Vo Vq
FEEOHMMIE
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\_ TAREOHIEETS Y
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e . 5815

\ T—AREDNHELT S /
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RIFRGEHEIZKYT—2DEHAFICAS
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CD IZU T LA EEEAWV -G8 EFEICL>TETINDIEELD

5' 1 N 1 &N
d” il (#)
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(9I 1 N 1 N
o, NZ; (C +ZkeVWde )_Nzh(jﬂ)
u=1
ol 1 & 1 N
awij N;d,”al(C +ZkeVWde ) W;\/g#)h(jﬂ)
1 N (,U) 1 N
RBM [Vi IH]zWZvi , Ereum [hj |0]z_zh(jﬂ)
u=1 N =1
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RBM [Vihjw]z Zvi(ﬂ)h(jﬂ)
u=1
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for
Boltzmann Machine Learning
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G (V, E) < undirected graph

V = {1, 2,..., 10} < set of nodes

E={{12},{1,8},{2,3},{2,8},{2,9},...} « set of links

energy function of BM
C&b,W)\ ;b Z WiViV; v e {+1,-1}

IjeE

- AN

bias coupling

W; =W, (symmetric couplings)
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energy function of BM
V b W)\ WIJVIVJ V. €{+1, —1}
eV | j eE

/

bias coupllng

Boltzmann Machine

P(v]0):= - (19) e>‘<p£C(v;<9)) 0 ={b,w!

partition function

BM is the simplest probabilistic model in Markov random fields
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The aim of the statistical machine learning is to find the unknown generative model.

data set D

‘? generate

Inference

Using data set D to tune the values of the parameters,

we approximate the generative model by our model (BM).
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set of N data points (each data point contains n elements):

D={d®,d®,....d"}, d® ={d,dy",....d"}
) N data points ’ ) n elements ’

d e {+1,-1}

Each data point is generated from a certain generative model

P (v) —> d¥9d?..dY

g generate (i.i.d.)

1 N
log-likelihood function |y ()= NZ In P(v =d"| «9)
u=1

(" )

Maximum likelihood estimation 9" = arg max || (6’)
(MLE) 0

\_
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- )
Maximum likelihood estimation 9" = arg max | (6’)

. (MLE) y

£[(910]= X )P(110)=Z T ()P(v10

v ViV
The second terms are the expectatlons of BM
and they include the intractable multiple-summations.

we need to evaluate the expectations with an
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Monte Carlo Integration (MCI) is one of the most fundamental method
to approximate the expectations.

sampling phase averaging phase
MC sampling
P(v|6& (1) () (K) EMf(v)1o]~2 N f (™)
(v10) wap sV s? ) mpE[f(v)[0]=- > f(s")
model sampled points sample average

MCI is the approximate method on the basis of the random sampling.

In the sampling phase,
we use Information of the model (parameters, structures, and so on)

In the averaging phase,
we do not use any information of the model
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Monte Carlo Integration (MCI) is one of the most fundamental method
to approximate the expectations.

sampling phase averaging phase
MC sampling
P(v|6) map sV P )
model sampled points

Change this part

' 4

In the new method, spatial Monte Carlo Integration (SMCI),

we Use available information of the model in the averaging phase.
[Yasuda, 15]
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We focus on
the expectation of a function of the target variable(s) v,

E| f (vc)|9]=ZV:vCP(v|9).

. target variable(s)

vV

Y+ set of first-nearest variables of the target (shown by red)

(
v§2> set of second-nearest variables of the target (shown by blue)

P(v]0)
We can easily obtain the distribution conditioned by the kth-nearest variables:

P (vC RSV RO N LV 6’)

This distribution is also BM on the region of interest.

{v v V(Z),...,v(k‘l)}

c! ' c 1 C
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region of interest

r

P(v]0)

\L,J
We can easily obtain the distribution conditioned with the kth-nearest variables:

P (vC RSV RO N LV 6’)

C
This distribution is also BM on the region of interest.

{v v v v }

c! ' c 1 C
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region of interest

The marginal distribution
on the outside of the region

/
H is approximated by
| | the distribution of the sampled points
\E ‘ | K
\ 1
(k) ~ Y._ (k) (k)
Distributio{ of — P (VC | (9) ~Q (V ) K kZ:: ( S )

Monte Carlo samplings

E[f(v,)6]= 777 771‘( P (Vv D [ 0) P (v [6)

V)

~777 77f( P (v 9, 0)0 ()

VD

K
yyyy y: f (VC)p(vc’vgl)’vc(:z),,..,ng_l) |S(ck)’(9)
k=1 )

Ve v((:l) v£2 v(k E

i
K

kth-order SMCI (k-SMCI)



Example: 1-SMCI
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kth-order SMCI (k-SMCI)

E[f(v,)0]~= 7777 > ()P (v vV, s, 0)

K k=1 V V VCZ V(kl

The first- and second-order moments given by 1-SMCI

E[vi|<9:z%ZK:ZviP(v|s ) ZtanhU
k=1 v,
1R AT (
E[Viv"le-NE;w ;viij(vivj|s{i,j},9)_sz;tanh[tanh [tanhU tanhUJ,]+wJ
b+ 2 wyst, U =00 —wys
jeai

oi:={j|{i, j} € E}: the set of nearest-neighbor nodes of node i.
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The important two facts can be proven:

® SMCl is statistically better than the normal MCI

® a higher-order SMCI is statistically Detter than a lower-order one

Merit of SMCI

SMCI gives high-accuracy approximations

st Dcmerit of SMCI

= Higher-order SMCI is slower,
| | because we have to take the sum over the region of interest.

We cannot use SMCI in a dense system, except for 1-SMCI.
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Generative Model

Boltzmann machine _

| L
L L]
| [

:—expLZWuv,ij v e{+1,-1} OO0 12
| [
| .

i,jieE

W, 7, U[-0508]

Gibbs sampling method

F (V) SAMPLING {S(k)|k=1,2,---,K}

N N SN
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normal MCI

—o—K =20
——g— K =200
—+— K =2000

high
accuracy

10-7

A higher-order SMCI is at least 10 times better than a lower-order one.

MSE : mean square error between the exact values and the approximated values



Application to BM Learning
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Basic ldea

ol (9) 1 & o,(6) 1
o ( ):degm_g[v_w], 0(0) _ > ddY —E[ vy, 6]

Approximate these intractable expectations by SMCI

By regarded the observed data set D as
the MC samplings S generated from the model
and by using D instead of S,

we can skip the sampling phase in the MCI.




Numerical Experiment (Learning)

159 / 141

Generative Model

Boltzmann machine _

| |
L L]
| [ ]

:—exp[ZW”v,vjj, v e{+1,-1} OO0 12
| [ ]
| |

i,jieE

w, = U[-0505]

12
Gibbs sampling
method
Pg (V) SAMPLING D= {d(“) |l u=212,---, N} LEARNING P (V | (9)
o 0 ‘:( _ synthetic data set S 0 ;5 P
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maximum pseudo-likelihood estimation (MPLE) [Basag: The Statistician, 75]

10

MSE on couplings
S S 3

-
=
-

108

K
3-SMCI

o— N =500
— N=1000
A 4
high

accuracy

MSE : mean square error between the ML estimators and the approximated values
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Generative Model

Boltzmann machine _

- Loaf o) vty 4
| I

i,jieE

w, = U[-0505]

4
Gibbs sampling
method
Pg (V) SAMPLING D :{d(/“) |,U :1’2’...’200} LEARNING P(V | 8)
o 0 ‘:( _ synthetic data set S 0 ;5 P
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comparison with the other recent learning algorithms

10-1E
o 0al The orders of
B E computational costs
E i of these algorithms
; 103 E ‘ are
g ; AN E e the Same

104 E K

| | |
0 20 40 60
# of iterations in gradient method (step rate = 0.2)
MPLE: maximum pseudo-likelihood estimation [Basag: The Statistician, 75]

RM: ratio matching [Hyvarinen: CSDA, 07]
MPF: minimum probability flow [Sohl-Dickstein: PRL, 11]
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P(v,h|8):=

Z(0)

exp(—E (v, h;0))
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(&2 531
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Type I 538

. T,(v,h o
K, [T,]:= Lodv > T,(v,h)ln P(\f,hl«;) Dex’/IME

Type I 53

1= o3, Pl e e
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minK,[T,]= K@) - F(6)
EHSEBRITIILF— BOBHIRILF—
minK,[T,]=  F(0) - F(6)

FZEBRTIRILF— EBEOBHIRILF—

EFED GRBM (CX LT
F(0)=F,(6)>F(0)
WEICRRDIID

Type I FEIBEHHAIRILF—OANEOBHHIRILF—ISEL)




free energy

AERIR(C & B EEHILLES

V|=12, |H|=24, o7 =1

b, ¢; « N (0,0.0°) TER, w; « N (0,SD? ) THR

esevsve,,

-32.0
-34.0 .
@
360k true
o typel
o typell g
'38'3 n | i | | | | i
0.0 0.05 0.1 0.15 0.2

SD (coupling)

MSE

100
10-!
10--
10-3
10
10
106
1077
108
109

lﬂ-lﬂ

Xe{+1,—1}
a2
Tiideth
w @ i
<o 5
i
-‘J{K'l xi
b & }C:'
:;.qx » = i
s e 9
» X
. x'. o typel(v)
X @ x:-:' o  typell(v)
x ® <« type I(h)
x ® < type I (h)
| .I | | | | | |
0.0 0.05 0.1 0.15 0.2

SD (coupling)
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Takahashi and Yasuda: J. Phys. Soc. Jpn., Vol.85, 2016.
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TR ERAEOHBIEE SRR THLARTSE

\ 4

EDEZFACLITFHEO TOILIETRLELELLDL

ENEAE A RE

W R A% (belief propagation; BP)

WLEEEDERENIRED MRF E&EDRLLE-TLVS
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ANILENEEFAR D P TEENT-ETEE T [Pearl, 82]

el

YRR DF

W25 EEREOF £ HS [Bethe, 35]

Bethe 4Ll

BT F

St}

IO

DB DIRETH

58 NI LLET ERE

ELTET-

T EERNICERAZEEADHAET LTV L
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ERDNEESD=60 MRF ZRDOIERIZERLTHL

P(v ):%exp[zq) Z ¥y ( )J:%gﬂ(Vi){ilgEgp{i’j}(Vi’vj)

/= /—FADAYE—DEEENLSETTEET D
j—)l
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o« AytE—TFITRTOYVIEICERSIND H,
o Ayt—UIEWMARICIEHET S
j—)l

o AE—VIITERAO/—FDOERDER

Ayt—IARHREI (message-passing rule)

ML ( OCZ¢( ) ( ) H Mk—>J( )

ke@

AyE—U L COEILIFREE AR EHET DDELHD
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M (V) FEEUSND/—R
MN5X0-TLD

Ayt—IFEDHT

M. (V) TEERITES

AytE—IRIRAIDK (I VDERBD 2D HEET S
ETNZTEMHFEANER I TTHIERIZHELS
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kt=rvt—SERANCOT LB BEE+t843

0; (Vu)zzlﬁ(vu)[[[l M (v )] Ziv Ziij) « BRBIEER
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k- EDIEEEANCEFE2 R0 BETELTS

€[ 1(4)]= 3 1 (1)P)= X 1 (v)a, (1)
E:f (Vi’Vj)]:ZV: f (vi,vj)P(v)z;; f (vi,vj)q{i’j} (viv,)

1 ZROFHEDH T 2 EHOHAFELARITEHENTED !

r HEREREDOFHEETEED N

byt — S S Bl B T e SR e ST AL 45
- /
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J57BENAREE FABZH-EOVEE) GoEDHFEEZS A5

¥

YO OMRIN—RGT 5T ETCERICEERE

sum-product ZILTYXLEWNSZTHMONTLNS
MERIGHRE
A\

MRFETOSENEOEBEZRH LTS
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sum-product 7L X Lld MRF QEIFEZSHE T SF%

HEREMEICEE2—DDFENHS !

MRF DERZHZRETHVDIEZRDITHFIE

max-product 7JLI1) X Ls
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sum-product

max-product 7J)LI) X LD
vt—U{RHk Al (message-passing rule)

N\

4

M (v) o max { ¢, (Vj)qp{i,j} (vi,vj) I] Mo, (vj)

| <ol i) ,

sum-product 7ILT Y X LD Avt—EHREI0O F1%

IVIAEEICERET 5L max-product 7 JL3 ") X L
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kdt-Avt—CEANTIT U R KIExtEd3

—max¢ (I_IMHI ]
jed(i)

MRF Z&KET D
EHDIED
ELHEZ1SS

~ arg max P

\'

sum-product 7)L3 ") X L EE#kI
KEEDT ST LLGLEDENKED
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MRFD EiFFEZFTEL-LY
— sum-product 7L X L

MRFD R KR{EZFTEL=L)

— max-product 7L X L




